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Abstract

In the present paper, we develop a dynamic programming (DP) model of the product development (PD) process. We
conceptualize product development as a sequence of decisions: whether to incorporate a piece of information that just
arrived (i.e. became available) or wait longer. We utilize this formulation to analyze different situations that depend on
the type, and nature of information that is exchanged: stationary versus dynamic information. We derive optimal decision
rules to determine whether (and when) to incorporate for each case. An analysis of the model results in several important
findings. First, we must not necessarily incorporate all available information that is related to the design activity.
Specifically, once the information collection exceeds certain value, the design team should stop collecting further
information. Second, only when past design work accumulates to a certain threshold value should the team include the
latest information and perform rework. Large uncertainty of the information and large sensitivity of the design activity
makes the incorporation of new information less likely. Finally, managerial implications are discussed with several
numerical examples.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In today’s fast-changing and highly competitive
markets, product development (PD) is a key source
of competitive advantage (Wheelwright and Clark,
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1992). To improve PD practices, concurrent engi-
neering (CE) principles have shown great promise
in simultaneously reducing development lead-time
and cost, and improving product quality as well
(Clark and Fujimoto, 1989; Rosenthal, 1992; Smith
and Reinertsen, 1998). The success of CE rests lar-
gely on the ability of an organization to share timely
information among members of a cross-functional
development team (Yassine and Braha, 2003).
Sometimes this information is preliminary and
evolving; however, if released early, it could benefit
the PD process in two main ways: (a) provide
.
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Fig. 1. Product development process from an information processing perspective.
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downstream activities with a general sense of direc-
tion allowing an earlier start (i.e. compared to a
sequential approach) and resulting in an overall
time reduction, and (b) provide downstream activi-
ties with an early feasibility check resulting in early
detection of inconsistencies among the development
activities. Therefore, the study of how development
information is created, communicated, used, and
influence development decisions is instrumental to
successful PD practices.

We conceptualize the PD process as a complex
information-processing network, punctuated by
decision-making (Ullman, 2001). Within this net-
work, each development participant, or team, col-
lects necessary input information, performs
analysis, make decisions, and then releases its out-
put (i.e. this output becomes available input infor-
mation to other development participants or teams
in the network).1 Fig. 1 provides an illustration of
1 We will use the terms design team and design activity
interchangeably throughout this manuscript. The assumption
here is that there is a one-to-one correspondence between teams
and activities since each design team will be charged with a
specific design activity.
this scenario. In this information processing view
of PD, information is created when the decisions
are made. Then it is communicated to those activi-
ties that require this information and it is used when
the designers of those activities analyze the
problems.

The above scenario is not a pathological case.
Many product data management (PDM) systems
operate under a similar information-processing con-
figuration (Liu and Xu, 2001; Crow, 2002).2 For
instance, consider the Ford (2002) initiative to coor-
dinate and centralize its distributed product devel-
opment activities (Bsharah, 2000).3 This called for
flexible information systems and an application for
managing and transmitting design documents
across various Ford Centers around the world. To
support the coordination of design activities world-
wide, Ford installed Metaphase, a PDM system
from Structural Dynamics Resource Corporation
– SDRC. This PDM system organizes the storage
2 The acronym PIM, Product information management, is also
used sometimes to mean PDM.

3 Ford Motor Company launched its Ford (2002) globalization
program in January 1994.
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and access of design documents generated by the
company’s existing Computer Assisted Design
(CAD) applications, as well as information on spec-
ifications and availability of various components of
those designs.

Ford’s initiative, among other programs at many
global organizations, made information access at
the fingertips of globally distributed development
teams and just a mouse-click away. The main focus
of PDM software has been version control and
access rights for finalized/released information
(Crow, 2002). However, they lack the ability to
coordinate, orchestrate or regulate the flow and
access of partial/preliminary information and
design decisions relating to its use (Bsharah, 2000;
Vedapudi, 2000). Developers merely have access
rights and can subscribe to services, but acting on
the information is yet left out to individual judg-
ment. This paper is about building analytical mod-
els of information incorporation in such a
distributed and collaborative environment allowing
for determining the optimal timing of information
exchanges (Yassine et al., 2003).4

In this paper, we take the perspective of a single
team within the above development network, who is
repeatedly faced with the arrival of ‘‘somewhat
related’’ information from various sources within
and outside the development organization as
depicted by Fig. 2. Due to CE practices, some of this
information is un-finalized and tends to change in
later stages. The team may consider preliminary
requisite information that accelerates the develop-
ment process but offers the potential of rework.
We develop a dynamic programming model for this
PD environment and analyze several different situa-
tions depending on the type and nature of the infor-
mation being exchanged. An analysis of the model
provides several important managerial insights to
determine whether (and when) to incorporate new
design information. In particular, the main results
obtained from the analysis of this model are as
follows:
4 For example, McDaniel (1996) reported that interactions
between styling and engineering were only allowed in six weeks
intervals.
1. If the design information does not change over
time (i.e. static), then the development team
should either incorporate the information imme-
diately after it arrives or ignore it forever. So, it is
not only the information itself that provides
value, but the timing of information generation.
Therefore, in order to maximize the expected per-
formance at launch, the information that is
important input to downstream activities should
be frozen early in the development process.

2. If the information evolves over time (i.e.
dynamic), then we provide an easy-to-execute
policy to the design team. At each stage, the deci-
sion maker needs only to check how many stages
have passed since the last incorporation. If the
number of stages exceeds the cutoff value, the
team should incorporate the information; other-
wise, it can wait until the next stage and repeat
the process again.

The remainder of the paper is organized as fol-
lows. In the next section, we present a brief survey
of previous studies in the PD area that are most rel-
evant to our work. In Section 3, we discuss the role
and benefit of information in PD. Section 4 intro-
duces the general mathematical model, and Sections
5 and 6 analyze the model and characterizes the
optimal strategy. Discussions of managerial impli-
cations and insights provided by the DP informa-
tion exchange model are discussed in Section 7.
Finally, we summarize the paper and discuss the
future research opportunities in Section 8.

2. Literature review

The literature on concurrent engineering (CE) is
voluminous. Takeuchi and Nonaka (1986) charac-
terized concurrency as a ‘‘rugby team’’ approach
to design compared to the sequential ‘‘relay race’’
approach. Later Clark and Fujimoto (1991)
observed that in automobile industry companies
with shorter development lead-time frequently over-
lapped their development activities. Due to these
early works, CE has become a core technique for
saving development time (Smith and Reinertsen,
1998). In spite of its popularity, the risks associated
with CE should not be overlooked. Because it uti-
lizes incomplete information, it is widely recognized
that overlapping is more costly due to more fre-
quent communications and increased iterations.
Hoedemaker et al. (1999) showed that concurrency
is not always a better proposition. Then the
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questions are in what kind of situations CE is favor-
able and how managers should plan and control CE
processes.

Several existing theories and models are devel-
oped to address these questions. Ha and Porteus
(1995) analyzed a product design for manufactura-
bility project that has a product design phase and
a process design phase, which are executed in a par-
allel fashion. Their purpose was to find a progress
review strategy that minimizes the total expected
project completion time. A progress review can pre-
vent design flaws, in earlier stages, from moving to
later stages, which would result in expensive rework.
However, reviewing too frequently consumes too
much time, possibly delaying the project completion
time. They formulated the problem as a dynamic
program and characterized the optimal progress
review strategy that minimizes the total expected
project completion time. Our model differs from
the work of Ha and Porteus by conceptualizing
the information much wider, while the information
in their model is design flaws.

Krishnan et al. (1997a) investigated the overlap-
ping of two sequentially dependent PD activities.
They modeled upstream information as an interval
value and introduced two important notions:
upstream evolution and downstream sensitivity.
Upstream evolution can be interpreted as how close
the preliminary upstream information is to its final
value, and downstream sensitivity is referred to
the relationship between the duration of down-
stream iteration and the magnitude of the change
in the upstream information. Based on these two
measures, they formulated a mathematical program
to determine the optimal number of iterations and
their respective starting times. Although the authors
considered uncertainty in the PD process (e.g. the
notion of evolution), but they did not model it
stochastically.

Similarly, Loch and Terwiesch (1998) presented
an analytical model for overlapped upstream and
downstream tasks to minimize time-to-market.
They modeled preliminary information as engineer-
ing changes happen to the upstream task. These
changes are released to downstream tasks in batch
form and impose rework on the downstream task.
They derived an optimal concurrency and commu-
nication policy which is affected by uncertainty
and dependence.

Our work differs from the above papers in three
major aspects. First, all the above papers analyzed
the development project without considering devel-
opment performance. It is the common assumption
in these models that the product performance is not
influenced by how the development project is orga-
nized (Yassine et al., 1999). Krishnan et al. (1997b)
discussed how the sequence of decision-making
leads to depreciation of product performance. Con-
sequently, in our model, development decisions are
made considering their impact on performance. Sec-
ond, with no exception, all the above models are
aimed at time-to-market reduction. However, in
practice, most PD projects have pre-specified dead-
line. Consequently, we consider a development pro-
ject in a more realistic way and seek to maximize the
development performance subject to a deadline con-
straint (Joglekar et al., 2001).

Third, we focus on a single downstream activity,
but those papers investigate the circumstance of
two dependent activities, one of which (upstream
activity) feeds information to the other (down-
stream activity). Essentially, the downstream task
not only incorporates the information from one
upstream task, it also incorporates other informa-
tion that may or may not come from the develop-
ment project itself. For example, the fluctuation
of interest rate, the change of supplier parts’ prices,
new customers’ preferences, new technology and so
on. Upstream design information is just one type of
information that is needed to enable downstream
tasks.

3. Information in product development

As stated earlier, the present paper views PD as a
complex process involving hundreds of decisions in
strategy, marketing, finance, engineering, manufac-
turing and customer service. Hence, information
plays a very important role in facilitating and influ-
encing PD decision-making. Krishnan and Ulrich
(2001) provided a long list of typical decisions
within the context of PD. For example, information
about customer needs, available technology and
production cost is used in the product concept phase
to establish product specifications. Information
about these specifications then becomes an impor-
tant input to further detailed design and prototyp-
ing activities. By understanding the benefit and
risk of information, better decisions (regarding the
use of information) can be made to develop better
products. In this section, we discuss the properties
of information and performance in PD, which we
use, in the next section, to develop models of infor-
mation flow in PD.
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3.1. Development performance

The performance of PD activities can be mea-
sured in various ways (O’Donnell and Duffy,
2002). Obviously, development lead-time (and cost)
is one measure performance (Roemer et al., 2000).
The quality level in terms of the number of open
issues remaining (e.g. bugs in software PD) at the
time a product is released could be another strong
indicator of performance (Yassine et al., 2003).
The number of features implemented or supported
by this activity also represents performance (Karls-
son and Ahlstrom, 1999). The amount of discrep-
ancy between a desired goal and the actual
outcome of the activity could also be a measure of
performance (O’Donnell and Duffy, 2002).

In this paper, we assume that development per-
formance, Q, is measured as the expected profit that
the company would obtain by selling the new prod-
uct. There is ample empirical evidence relating prod-
uct performance to profitability (Zirger and
Maidique, 1990; Cohen et al., 1996a,b). Further-
more, we assume that this performance accumulates
or evolves as an increasing function of the time
spent performing work on the activity (Cohen
et al., 1996a,b; Thomke and Bell, 2001). In general,
there are many possible shapes that the performance
evolution might follow, four of which are shown in
Fig. 3 as examples. If the performance function has
a concave shape, the team works with a diminishing
rate. Specifically, the evolution is very fast at the
beginning and slows down as the activity progresses.
The concave evolution performance represents
those activities that are carried out early and further
improvement becomes more and more difficult as
performance grows, the team gets tired or the
resources become limited. The activities with linear
evolution are similar to a manufacturing process.
The performance increases at a constant rate. The
Q
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Fig. 3. Sample performance evolution functions.
convex evolution is also frequently seen in PD pro-
jects. Some activities require a lot of setup work,
hard thinking and analysis, so the evolution is slow
at first. Once the preparation work is done, the per-
formance then progresses rapidly. Finally, the S-
curve evolution has also been used to model an
activity progress (Barraza et al., 2000).

3.2. Benefit of information

It is widely acknowledged that if a design activity
proceeds without incorporating information from its
predecessor activities, design flaws will arise and
development performance will deteriorate (Ha and
Porteus, 1995). This fact suggests that information
benefits the development performance (Thomke
and Fujimoto, 2000). Hence, to quantify how much
a piece of information contributes to a PD activity,
we measure the benefit of a piece of information as
the rate of development performance evolution over
time based on that information. Assuming linear
evolution and the benefit of a certain piece of infor-
mation is t, then the development performance will
be tt if the team works on the development activity
based on this information for a period of time t.

Some information does not change in the short
term, at least within the duration of the development
project. We call this type of information stationary
information. However, some information can be
revised many times, and we define it as dynamic infor-

mation. For example, information from completed
activities or information about a proven technology
is stationary, while is information from undergoing
activities and information about a prospective tech-
nology is dynamic. Due to the increasing pressure
of competition, designers try to commence design
activities earlier by using incomplete information.
In light of the interdependence of tasks mentioned
earlier, it is very rare that assumptions regarding
incomplete information made at the start of an activ-
ity are never changed as the activity progresses. As a
result, the benefit of the dynamic information
changes every time the information is updated.

3.3. Cost of incorporating information

Our model postulates that each time incorpora-
tion takes place, a certain amount of cost is incurred.
This cost consists of information acquisition cost
and incorporation cost. Acquisition cost is the cost
that one needs to pay to obtain relevant information.
We assume that there is no acquisition cost in our



316 A.A. Yassine et al. / European Journal of Operational Research 184 (2008) 311–326
model. This assumption is practical in large organi-
zations that have established advanced information
technology environments. Designers can transfer
design information through many media in an
almost costless and seamless fashion, for example,
telephone, fax, email, web conference etc.

Incorporation cost represents the cost that is
required to modify the current design based on the
new information if incorporated. In general, the
cost of incorporation, or simply rework, can be
incurred in two ways, financial cost and time delays.
Time delay is inevitable, once it is decided that the
information is to be incorporated and the rework
is started. However, if overtime were allowed, the
time delay would be transformed into an expense.
Hence, in our model, for simplicity we view the
incorporation cost being purely financial.5

The cost of rework is determined by three factors.
First, as more time is spent on an activity using out-
dated information, the amount of cumulative work
that must be modified will be larger. Hence, rework
time is an increasing function of the time between
two successive incorporations. Second, rework time
is also dependent on how much the information
and the activity are related. In general, a change in
a major input needs longer rework time than a
change in a minor input. The third factor that influ-
ences rework time is the degree of sensitivity of the
activity. Degree of sensitivity implies the robustness
of the activity to changes. In other words, a larger
degree of sensitivity indicates a longer rework time.
For example, let us consider analytical and physical
prototyping. A change in dimension is easy to incor-
porate in an analytical prototype. By contrast, much
more efforts would be required for the same change
to a physical prototype. Then we say that physical
prototyping has a greater degree of sensitivity than
analytical prototyping. Moreover, sensitivity of an
activity is also affected by the design method. Toy-
ota’s set-based approach (Ward et al., 1995), in
which the team works with a set of prospective
designs together without making a commitment
until necessary, is less sensitive to changes than
point-based approaches.
4. The general model

Our work is focused on a PD project that has a
fixed deadline (Joglekar et al., 2001). The deadline
5 This assumption is similar to Thomke and Bell (2001).
for the whole project can be the launch date of a
new product. For a given design activity, the dead-
line can be an intermediate milestone.

We consider a single design activity that has a
deadline L (see Fig. 3). The team, in charge of this
activity, must complete their work by the deadline;
otherwise, subsequent activities will be delayed
and the total project duration will be increased.
Subject to the deadline constraint, the team is trying
to maximize its development performance. In some
cases, the deadline has to be extended because the
minimum performance requirement is not met.
The team needs to continue working on the design
activity until they achieve the threshold perfor-
mance. Our model, focusing on maximizing the per-
formance, will still work in this case for the period
before the deadline. However, if the development
performance does not meet the minimum require-
ment after the deadline, the problem becomes to
minimize the development time to reach the desired
performance level, which is not the main objective
of this paper. In addition, we assume that the team
will not stop before the deadline even if required
performance target is achieved. Designers will keep
working on their tasks, improving the performance
until the due date (Joglekar et al., 2001).

First, we describe how the performance of an
activity progresses if no new information arrives
during the course of this activity. This model is
called the zero-information model. The reader may
imagine the zero-information model as an indepen-
dent activity, which does not need information from
other activities. The performance is determined by
the parameters which represent the properties of
the designer and activity, such as designers’ skills
and the degree of difficulty of the activity. The per-
formance evolution of such an activity will look like
one of the shapes shown in Fig. 3.

Next, we investigate the case where the activity
receives new information during the development
process. We divide the time from the beginning of
the activity to the deadline into N equal periods.
At the beginning of each period, the designer checks
whether the information has changed during the last
period, and then makes a decision whether to incor-
porate the new information or not. We say that we
are at stage k if there are k periods remaining. In the
beginning (i.e. stage N), the design team collects the
available information which has a benefit tN. Based
on this information, the team works on their activity
at rate tN. If the information does not change and
no new information arrives, it is the same as the
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zero-information model, and the deadline perfor-
mance would be tNL. However, if at stage s the
team incorporates some new information with ben-
efit ts the new information shifts the performance up
to tss instantaneously because of our assumption
that rework costs are purely financial and makes
the performance increases at the rate ts later on
(as shown in Fig. 4).6 If no incorporation occurs
later, the deadline performance would be tsL.

Finally, the designer’s objective is to maximize
the expected return (the expected deadline perfor-
mance minus the total rework cost,

P
rki, where

rki = r(i � k) is the cost of rework incurred if the
team decides to perform rework at stage k and the
last rework performed at stage i).

This decision process can be modeled as a
dynamic program. Let tkbe the largest benefit
among all information that has arrived since the lat-
est incorporation until stage k.7 The team is at stage
k and in state (tk,ti), if i (i > k) is the stage at which
the last incorporation was done and the benefit of
the last incorporated information was ti. There are
two options: continue working on the activity based
on the information incorporated at stage i or incor-
porate the latest information immediately.

Suppose the team decides to incorporate the lat-
est information. It costs the team rki to perform the
rework. Then the team goes to the state (tk�1,tk). If
the team decides to ignore the current information
6 We assume if the designer had the tsinformation in the
beginning (instead of tN), then the performance would have been
tss by time s. The performance jump at stage s represents the fact
that the development team would instantaneously rework its
prior work.

7 We imagine tk ¼ maxðti�1; . . . ; tkÞ, where ti is the actual
benefit of the information that arrived at stage i, as a bundle of
information, possibly from various sources. Information is
lumped so that a single rework can accommodate many infor-
mation updates/changes.
and continue working, then the process proceeds
to the next stage and the state becomes (tk�1,ti).

We are interested in finding an optimal informa-
tion incorporation strategy that maximizes the
expected return. Let Jk(tk,ti) be the maximum

expected return at the deadline (the expected perfor-
mance less the total rework cost spent from stage k

onwards), when at stage k and in state (tk,ti). Thus,
the optimality equation can be written as

J kðtk; tiÞ ¼ maxfJ k�1ðtk�1; tiÞ; J k�1ðtk�1; tkÞ � rkig:
ð1Þ

Eq. (1) can be solved using backward recursion for
relatively small number of stages. However, when N

is large, a numerical solution will take a great deal
of computation. Instead of a numerical solution,
we could solve Eq. (1) explicitly (i.e. closed form),
or obtain structural results about it (or the optimal
policy). The latter option is particularly relevant
when we are interested in obtaining managerial in-
sights instead of numerical solutions. Therefore,
our approach will be to make reasonable assump-
tions if necessary, to allow for the development of
an easy-to-implement policy, in addition to reduc-
ing the amount of necessary computations.

In the next two sections, we will tailor the general
model of Eq. (1) to specific models for stationary
design information and dynamic design informa-
tion, respectively. In each case, we will characterize
the forms of the optimal incorporation strategy and
derive the explicit formulas for the optimal solution
to gain managerial insights.

5. Model analysis – stationary information

In this section, we study the case of stationary
information. As defined earlier, stationary informa-
tion does not change after it arrives. To analyze this
situation, consider a piece of stationary information
that is fed to a design activity and arrives at stage k.
Then, its benefit to the activity is tk, which means the
deadline performance of the activity will be tkL, if
the information is used. If the team decides to incor-
porate the information later at stage s, k 6 s 6 0, it
will cost the team rsN = r(N � s) for rework.

Theorem 1. The following results hold for each stage k.

(a) The optimal incorporation policy for the team

receiving stationary information is given as fol-

lows: If (tk � tN)L P r(N � k), the team

should incorporate the information immediately;

otherwise, ignore the information forever.
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(b) The return at the deadline (the performance less

the rework cost) is increasing in k.
8 This model maybe used especially for external dynamic
information. For example, a prospective technology, that may
improve development performance but is not fully certain, may
be introduced before it is finally proven (Krishnan and Bhat-
tacharya, 2002).

9 In many cases, once a development decision is made, large
amount of resources are committed based on current information
and the impact of incorporating future information updates can
be prohibitive (e.g. building a comprehensive physical prototype
for an automobile). Thus, in these scenarios we assume that the
team could incorporate the information once and ignore future
updates, which could be used in future product generations.
10 This is similar to an optimal stopping problem (OSP);

however, in our setup we do not forfeit the maximum benefit.
That is, unlike OSP, we always hold on to the best offer. In
addition, the reward is only collected at the deadline and the
problem does not finish when the information is incorporated.
The proof of Theorem 1 is straightforward. Since
r(N � s) is decreasing in s and the information will
not change again, incorporating the information
earlier is always better than incorporating later.
Therefore, the team should either incorporate the
information immediately after it arrives (s = k) or
ignore it forever. The benefit of incorporating the
information is (tk � tN)L � r(N � k). If the benefit
of incorporating is greater than zero, the team
should incorporate the information immediately;
otherwise, just ignore the information.

Furthermore, it is interesting to note that the net
return achieved at the deadline is decreasing (or
increasing) in the arrival time (or stage) of the new
information. The earlier the information arrives,
the higher the total return achieved at the deadline.
So it is not only the information itself that provides
benefit, but the timing of information generation as
it can change the performance of a development
project. The analysis indicates that the earlier the
new information becomes available, the more bene-
fit it offers to the activity. In order to maximize the
expected return at the deadline, the information that
is important input to downstream activities should
be frozen early in the development process (Krish-
nan et al., 1997a).

6. Model analysis – dynamic information

Dynamic information occurs frequently in prac-
tice. To accelerate the PD process, upstream activi-
ties often release preliminary information to enable
downstream activities to start earlier. This informa-
tion keeps on evolving until it is finalized. Conse-
quently, downstream iteration takes place in order
to update past work (Krishnan et al., 1997a).

In this section we introduce two models of dynamic
information incorporation. In the first model, we
assume it is not mandatory that the requisite design
information be incorporated by the dependent activity,
but it could be incorporated once only if it increases
development performance. In the second model, we
impose an additional constraint where requisite
information must be incorporated in its final form.

6.1. Dynamic information model 1 – optional

incorporation

In this model, we consider development situa-
tions where there is no guarantee that the requisite
dynamic information will be finalized or frozen
before the end of the development process.8 The
development team (in need of such information)
has the option of not incorporating this information
at all during the current development process,
unless they perceive a potential increase in
performance.9

In this model, the team checks the information
that has arrived at the beginning of each stage.
Let the benefit of the information arriving at the
beginning of any stage, k, be tk, which is given by
a random variable with a probability mass function
P ðtk ¼ xÞ ¼ px (if no information appears in the cur-
rent period, we assume that a piece of information
of zero benefit has arrived). At the beginning of
each stage, the team decides whether to use the
new information with the largest benefit (i.e. tk) or
wait for more information. If, at stage k, the team
chooses to incorporate the information, then the
deadline performance of the activity would be tkL
and the team pays rkN = r(N � k) to perform
rework. If the team decides to wait and collects
more information, the process goes to the next stage
(k � 1). Therefore, the optimality Eq. (1) can be
rewritten as10

J kðtk; tN Þ

¼max
X1

tk�1¼0

ðP tk ;tk�1
� J k�1ðtk�1; tN ÞÞ; tkL� rðN � kÞ

( )

for N P k P 1; ð2Þ

where J 0ðt0; tNÞ ¼ maxftN L; t0L� rðNÞg;

where ptk ;tk�1
is the one-stage transition probability

from state tk to state tk�1
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ptk ;tk�1
¼

Ptk

x¼0

px if tk�1 ¼ tk;

ptk�1
if tk�1 > tk;

0 otherwise:

8>>><
>>>:

ð3Þ
Theorem 2. The following results hold for each
stage k.
(a) The team would only incorporate the newest infor-

mation that arrives in the most recent period.

(b) It is optimal to incorporate the newest informa-

tion, if its added performance (tk � tN)L is

greater than the rework cost rkN = r (N � k)

and tk is at least as large as a cutoff value wk,

which is the smallest number that satisfies

E½ðtk�1 � wkÞ
þ�L 6 ½rðN � k þ 1Þ � rðN � kÞ�; ð4Þ

and

ðtk�1 � wkÞ
þ ¼ maxftk�1 � wk; 0g:

For easier readability of the paper, the proof of
Theorem 2, as well as other proofs, is placed in
the appendix. Theorem 2 provides explicit condi-
tions that are sufficient to make the optimal deci-
sion. Under this policy, the process terminates at
the first stage where condition (4) is met. Condition
(4) actually compares incorporating the information
at the current stage (resulting in a performance
improvement of (tk � tN)L � r(N � k)) with wait-
ing for exactly one more stage and then incorporat-
ing (resulting in an expected performance
improvement of E[(tk�1 � tk)+]L � r(N � k + 1)).
The left hand side of condition (4) can be inter-
preted as the expected extra benefit of waiting one
more stage. Since the state cannot decrease (i.e.
the largest benefit ever received cannot decrease in
time), the expected extra benefit of waiting decreases
because (tk�1 � tk)+ decreases in tk. The right hand
side of condition (4) represents the additional cost
required for waiting one more stage, which is
increasing in k. It can be intuitively seen that the
additional cost is small at the beginning and can
be compensated by the extra benefit. The overall
gain is positive, and the expected return increases.
As the process proceeds, the extra benefit decreases;
however, the additional cost increases. At the first
stage when the extra benefit is smaller than the addi-
tional cost, the team should not wait and must
incorporate the information at once.

Theorem 2 implies that, in order to achieve a bet-
ter outcome of the development activity, it is impor-
tant to have a good estimate of the requisite
information. If the information is underestimated,
then the expected extra benefit gained by waiting
one more stage is smaller than its actual value. As
a result, the team would incorporate the informa-
tion earlier than the optimal time. If the information
is overestimated, the design team will see a false
large extra benefit that induces the decision maker
to delay incorporation more and leads him to miss
the optimal incorporation time. Both situations
make the design outcome worse off.

6.2. Dynamic information model 2 – mandatory

incorporation

This model differs from the previous dynamic
information model in two ways: (1) the requisite
information has a specific time to be finalized, and
(2) the dependent design team must include/incorpo-
rate the finalized requisite information. For example,
the deadline of an upstream activity may be the date
when the requisite information is finalized. Upon
reaching the deadline, the upstream development
team stops working on its current activity and moves
on to other tasks. As a result, the output information
will not change after that. Also, the final upstream
information is usually a set of constraints to the
downstream activity. So, if the dependent design
team does not include the finalized upstream infor-
mation, its design would be infeasible.

Since the finalized upstream information must be
incorporated and the performance is only deter-
mined by the benefit of the latest incorporated infor-
mation, then the benefit of preliminary information
does not play any role in this model. Thus, the max-
imization problem in Eq. (1) is transformed to a
problem that minimizes the total rework cost.

In this case, the incorporation strategy will be
useful only from the beginning of the feeding
activity to the finalization time of its output (we call
this the overlapping period). As in the earlier
sections, we divide the overlapping period into N

stages. We set the state to be (l,u), where l is the
number of stages that have elapsed since the last
incorporation, and u indicates whether the current
information is the same as the last incorporated
information. If the information changes, we let
u = 1; otherwise, u = 0.

Let Jk(l,u) denote the minimum expected total
rework cost that will be incurred from current stage,
k, to the terminal stage if in state (l,u). Then the
optimality equation can be written as
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Jkðl; 1Þ ¼ minfJ k�1ðlþ 1; 1Þ; rðlÞ þ J kð0; 0Þg; ð5Þ
Jkðl; 0Þ ¼ pk�1 � J k�1ðlþ 1; 1Þ þ ð1� pk�1Þ

� J k�1ðlþ 1; 0Þ ð6Þ
J 0ðl; uÞ ¼ u � rðlÞ; ð7Þ

where pk�1 is the probability that the information
will change in stage (k � 1), and r(l) is assumed to
be a convex function of l.

Theorem 3. There exists a set of N � 1 integers,
s1, s2, . . ., sk, . . ., sN�1, such that if the process is at

stage k and the last incorporation happened l stages

ago, then it is optimal to incorporate the information

as soon as l P sk.
Table 1
Optimal cutoff values as a function of p, given G = 10, a = 0.4,
and c = 2

p s1 s2 s3 s4 s5

0.0 1 1 1 1 1
0.2 3 3 3 3 4
0.4 5 4 4 4 5
0.6 8 6 4 4 5
0.8 10 6 5 4 5
Theorem 3 provides an easy-to-execute policy to
the design team. At each stage, the decision maker
needs only to check how many stages have passed
since the last incorporation. If the number of stages
exceeds the cutoff value, the team should incorpo-
rate the new information; otherwise, it can wait
until the next stage and repeat the process again.
Although the explicit formula for sk is hard to
obtain, sk can be computed as long as the specific
values of parameters are given.

6.2.1. Numerical example and sensitivity analysis
To see how the parameters affect the optimal

solution, we use an automobile product develop-
ment example, previously reported by McDaniel
(1996) and Yassine et al. (2003), which involves an
industrial design activity and an engineering design
activity. Industrial design is the earliest of all phys-
ical design activities, and changes in this activity can
easily cascade into later development activities caus-
ing costly rework. Information exchanges from
industrial design to engineering design take the form
of wireframe CAD data generated from clay model
scans, referred to as scan transmittals of surface
data. Scan transmittals are scheduled at roughly
six-week intervals if any design changes occur.
Assuming the industrial design and engineering
design start at the same time, the industrial design
activity is allotted approximately 52 weeks for com-
pletion. With this setup, the engineering design
activity can be viewed as a 9-stage mandatory incor-
poration model with dynamic information.

We assume that the cost of rework is
r(l) = G + alc. G is the fixed cost for each incorpora-
tion, which is measured as number of hours that the
engineering design group needs to review and plan
the changes. alc is the variable cost required to
incorporate the industrial design changes, which
depends on the number of stages since the last incor-
poration. a and c reflect how much the industrial
design information and the engineering design activ-
ity are related and the sensitivity of the engineering
design activity, respectively. For simplicity, we
assume the probability that the industrial design
changes in stage k to be constant, p, during the
development course. We calculate the optimal cutoff
values, s1, s2, . . ., s5 for the last five stages by chang-
ing one parameter at a time and fixing the others.
We investigate the sensitivity to changes in p, G, a,
and c.

As shown in Table 1, sk increases as p increases.
This is intuitive because, if p is small, the engineer-
ing designer is more willing to incorporate informa-
tion when l is small in order to reduce the variable
incorporation cost, as the chance that the informa-
tion change again is small. If p is large (i.e. the infor-
mation is likely to change later), then the
engineering designer would like to accumulate l to
share the fixed cost across many stages. When
p = 0, the information stays constant, and the sta-
tionary information model applies. The team should
incorporate the information immediately; that is,
sk = 1.

If p = 1, the information changes at each stage,
the problem becomes a classical shortest path
problem as shown in Fig. 5. The distance between
node i and node j is the rework cost incurred if
the information is incorporated at stage j, given
the most recent incorporation happens at stage i.
The objective is to find the shortest path from node
N to node 0, which is equivalent to minimize the
total rework cost.

Table 2 suggests that the optimal cutoff value is
also increasing in G. When G = 0, the rework cost
r(l) = alc. The cost function is convex if c P 1. To
minimize the total rework cost, the engineering
designer will incorporate every change immediately
after it arrives. When G > 0, it is not economic to
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Fig. 5. The shortest path problem for p = 1.

Table 2
Optimal cutoff values as a function of G, given a = 0.4, p = 0.4,
and c = 2

G s1 s2 s3 s4 s5

0 1 1 1 1 1
5 3 3 3 3 3

10 5 4 4 5 5
20 10 8 7 6 6

Table 4
Optimal cutoff values as a function of c, given G = 10, p = 0.4,
and a = 0.4

c s1 s2 s3 s4 s5

0 1 1 1 1 1
2 5 4 4 5 5
3 2 2 2 2 3
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incorporate the information at every stage. The
engineering designer would wait until l P sk, and
as a matter of fact, as G increases, the cutoff value
sk becomes greater.

Table 3 demonstrates the relationship between the
optimal cutoff value and the sensitivity of the design
activity. If it is more sensitive (has a larger a), the
engineering design would cost the designer more to
do rework. Note that if a = 0, sk becomes infinite,
which means the team will always wait until the last
stage to incorporate the information. While a
increases, the variable cost becomes more significant
such that the optimal cutoff value decreases. Simi-
larly, the coefficient c has the same impact on the cut-
off values (see Table 4). When c 6 1, sk =1. Once c
exceeds 1, the cutoff values decrease in c.

6.2.2. Fixed s policy
In the previous subsection, we have shown that it

is optimal for the team to ignore new information at
Table 3
Optimal cutoff values as a function of a, given G = 10, p = 0.4,
and c = 2

a s1 s2 s3 s4 s5

0.0 1 1 1 1 1
0.2 10 8 7 6 6
0.4 5 4 4 5 5
0.6 4 3 3 4 4
0.8 3 3 3 3 3
stage k as long as the stages elapsed since the last
incorporation, l, is less than sk. The computation
of the value of sk is essentially done by unfolding
the recursion in Eqs. (5)–(7) backwards from the
deadline. This can be computationally intensive if
the number of stages N is large. An alternative
approach is to use a constant s for all stages. We call
this fixed s policy. To provide practical applications,
we now focus our attention on the fixed s policy.

Using fixed s policy, the team does not care how
many stages are remaining. Once s stages have
elapsed since the latest incorporation, the team
checks whether any change occurred during this
period. If there was a change in information over
this period, the team would incorporate it by initiat-
ing a rework; otherwise, the team would wait for the
next change and incorporate it immediately. As a
matter of convention, any incorporation that is
scheduled under the fixed s policy at stage l < s will
be incorporated at the final-stage. We ran a Monte
Carlo simulation for the total rework cost incurred
by using the optimal incorporation policy and fixed
s policies for the automobile development example
(see Fig. 6). The dotted line represents the cost gen-
erated by using the optimal incorporation policy.
We find that the total rework cost, as a function
of s, displays a U-shape curve, and for this particu-
lar example, s = 3 is the best among all svalues. This
implies that there would be an optimals that mini-
mizes the expected total rework cost.

Theorem 4. If a product development activity has a

large number of stages and a fixed s policy is used,

then the following results hold:
(a) If p < 1/T, then any change should be incorpo-

rated immediately after it occurs.

(b) If p P 1/T, then the optimal s, that minimizes

the expected total rework cost, satisfies:

s � þð1� pÞs�=p ¼ T ; ð8Þ
where

T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G=aðc� 1Þc

p
:



100

200

300

400

1 2 3 4 5 6 7 8 9
s

R
ew

or
k 

C
os

t 
(h

ou
rs

)

Fixed s Policy

Optimal Policy

Fig. 6. Total rework cost vs. incorporation policy, given N = 9,
G = 40, a = 0.5, c = 1.1, and p = 0.6.

0
0 1p

s

T

T/1

Fig. 7. Optimal s as a function of p.

322 A.A. Yassine et al. / European Journal of Operational Research 184 (2008) 311–326
Part (a) says that if the probability that a change
occurs in one stage is small enough, that is, the
information revision from the upstream activity is
a rare event, then the team does not need to use
the fixed s policy. For such information, once a
change occurs, the team should incorporate it
immediately. When the information is quite uncer-
tain, part (b) suggests an optimal s that minimizes
the expected total rework cost.

Note that the second term on the left hand side of
Eq. (8) is greater than or equal to zero. Thus, s* is
less than or equal to T. Also, s is an integer and
must be greater than or equal to 1. Thus, we know
that s* could be equal to 1,2, . . . or [T], [T] is the
smallest integer greater than T. We calculate the left
hand side of Eq. (8) and compare it to T. Starting
with s = 1 and increasing s by 1 each time, we pick
s* to be the smallest value of s that makes the left
hand side of Eq. (8) greater than T. Note that T is
constant for any given pair of design activity and
feeding information.

Fig. 7 demonstrates the relationship between the
optimal s and the probability that a change will
occur in one stage. It is not surprising that the rela-
tionship follows the same pattern as that between
the dynamic sk and the probability. When p = 1,
s* = T. s* decreases as p decreases. This is quite intu-
itive: if the probability that a change happens is
small, the benefit of waiting for more stages
becomes small. Thus, the team would be willing to
incorporate the change more frequently.
6.2.3. Policy comparison

For the dynamic internal information, we pro-
vide two policies: the optimal policy that has differ-
ent cutoff values at each stage and the fixed s policy
that has constant cutoff value for all stages. As we
know, the first one minimizes the total expected
rework cost, but the optimal cutoff values are diffi-
cult to calculate when the development project is
big (e.g. the number of stages is large). Though
the fixed s policy is very simple to obtain, it may
incur additional rework cost. The decision maker
might be interested in finding out whether the sim-
plification in calculation deserves the extra cost.
Hence, we will investigate how much worse the fixed
s policy is compared to the optimal policy.

Corollary 1. The fixed s policy is equivalent to the

optimal policy when p = 1.

Corollary 1 implies that when the information
changes every stage, there is no difference between
using the fixed s policy and the optimal policy.
Therefore, the decision maker should just use the
fixed s policy for making decisions regarding
whether to incorporate the newest change or not.

Corollary 2. The cost gap between using the fixed s

policy and the optimal policy decreases as p increases

in the neighborhood of p = 1.

When p = 1, the cost gap between using the two
policies is zero. As p decreases, the cost gap increases.
Therefore, the team should use the fixed s policy
instead of the optimal policy, if it is receiving infor-
mation with high uncertainty, because the cost differ-
ence is small. For the case of more certain
information, the cost gap is larger and the incentive of
using the fixed s policy gets smaller. The team may
use the optimal policy to save the total rework cost.

We ran Monte Carlo simulations for different
model parameters and plot the relationship between
the cost gap and the uncertainty. The curve shows
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the decreasing trend that is dictated in Corollaries 1
and 2 (see Fig. 8).

Corollaries 1 and 2 provide a good idea about the
difference between the optimal policy and the fixed s

policy. When the information is certain to change,
the two policies are exactly same. As the uncertainty
of the information decreases, the advantage of using
the optimal policy increases. Therefore, a particular
design team may decide to use the optimal policy
when the uncertainty is smaller than a certain value,
and use the fixed s policy when the uncertainty is
greater than that value.
7. Discussion

In this section, we discuss several important man-
agerial implications based on the proposed informa-
tion incorporation decision model. The first finding
is that the team must not necessarily always incorpo-
rate all the relevant available information that may
seem useful for the design activity. Clearly, the more
information incorporated, the better the new prod-
uct. Hence, design teams tend to incorporate every
piece of information. However, such a strategy
may not be optimal as a result of the rework cost
that might be incurred. It is not only the information
itself that offers value, but also the timing of infor-
mation arrival. Incorporating a piece of information
that arrives approaching the deadline could cost
huge amount of resources and time to modify the
design. Yassine et al. (2003) study the ‘‘design
churn’’ phenomenon and argue that information
delay is the major cause of churn. Our result suggests
that the team should give up pursuing further infor-
mation when its current information collection
exceeds a critical value. By using this policy, the
team sacrifices the prospective design improvement
by including further information to avoid unneces-
sary design churn. As explained in Section 6.2, the
critical value depends on estimation of future infor-
mation and the stage that the decision process is in.
If the information arrives in the early stages, it is of
little use. Then, the design team would expect a large
increment in future information and is more likely to
wait longer to collect further information. In con-
trast, if the information received in the early stages
is of great benefit, then the team would expect small
improvements that the future information could
offer. Thus, the team is unwilling to pay extra cost
that cannot be compensated by the benefit.

Second, the analysis of the numerical example
gives several interesting insights. The information
incorporation policy is mainly determined by two
factors: the uncertainty of the information and the
cost of incorporating the information. The cost of
incorporation can be further divided into fixed cost
and variable cost. When the uncertainty of the
information is very high (i.e., depending on the type
of product being developed and/or technology
being used), it is essential to balance the tradeoff
between the fixed and variable costs. For the case
of high fixed cost and low variable cost, the cutoff
value for each stage will be large and, in turn, incor-
poration happens less frequently. On the other
hand, for the case of small fixed cost and large var-
iable cost, we would expect the opposite. That is, the
cutoff value will be small and the team incorporates
the information more frequently.

If the uncertainty of the information is low, the
team has more confidence in the current informa-
tion. Then, the team is more willing to incorporate
information early and save the incorporation cost.
Thus, the cutoff values would be smaller than the
case when more uncertain information is received.
In our model, we set the uncertainty to be constant.
However, information produced by different activi-
ties has different properties. For the information
generated by a design activity with convex evolu-
tion, the uncertainty is small at the early stages
and become larger in later stages. Therefore, the
team using this information is more willing to incor-
porate in the early stages and more reluctant to
incorporate in later stages. On the contrary, if the
information is produced by a design activity with
concave evolution, changes are more likely to hap-
pen in the early stages. Then the cutoff value would
be large at the beginning and smaller at the end.

Lastly, we investigate an alternative strategy,
fixed s policy. It is interesting that using fixed s pol-
icy does not provide any improvement when the
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information is quite certain. For this case, the team
should simply incorporate any change immediately
after it occurs. When the uncertainty of the informa-
tion is high, we suggest an optimal fixed s policy
that minimizes the expected total rework cost, and
the optimal s is determined by the structure of the
rework cost and the uncertainty of the information.
Furthermore, when we compared the total rework
cost generated by the optimal policy with that of
the fixed s policy, it is interesting that the two poli-
cies are equivalent when information changes in
every stage. Furthermore, the cost gap of using
these two policies increases when the uncertainty
of the information decreases. Thus, the design team
should use the fixed s policy when the information
uncertainty is large, and use the optimal policy
when the uncertainty is small.

8. Summary and future work

In this paper, we formulate the decision process
of whether or not to incorporate new information
in product development as a dynamic programming
model. We first develop a general model and then
tailor it to three stylized models: stationary informa-
tion, dynamic information with optional single
incorporation, and dynamic information with
forced final incorporation.

We have kept the model as simple as possible to
obtain managerial insights. Several extensions of the
model are possible. First, the model can be modified
to be a continuous-time problem. Second, in some
cases the time delay due to rework cannot be trans-
formed to a financial cost. Thus, tradeoffs between
time, cost, and performance would be more compli-
cated and worthy of further research. Furthermore,
in our model, we have only two options vis-à-vis
reacting to new information: incorporate or not.
There could be other options. For example, one
group of the team could continue working with
the old information while another could work with
the new information. Thus, the model becomes a
dynamic resource allocation problem. Finally, it
would be interesting to look for the optimal time
of incorporations considering a limited and fixed
number of incorporations.

In addition, we suggest using the fixed s policy
for projects that have a large number of stages
and provide the optimal value of s. The cost gap
between the optimal incorporation policy and the
fixed s policy deserves both further theoretical and
empirical research.
Appendix
Proof of Theorem 2. Let Sk = {/k : E[(tk�1 �
/k)+] 6 [r(N � k + 1) � r(N � k)]/L}.

From its definition, and Eq. (3), we note that
Sk � {0,1,2, . . .,} is an infinite subset of integers
with the following properties:

1. If tk 2 Sk and if tk�1 > tk, then tk�1 2 Sk too.
That is, the set Sk is right-closed, and it has a
unique minimal-element, which is denoted by wk.

2. If tk 2 Sk and tk�1 62 Sk, then from the previous
observation, tk�1 < tk. From Eq. (3), we can infer
P tk ;tk�1

¼ 0.

Claim: For tk 2 Sk (i.e. tk P wk), Jk(tk,tN) =
max{tNL,tkL � r(N � k)}.

This claim can be established by induction on k.

The base-case: k = 0. That is, the decision maker
is at the final stage, and any incorporation decision
at this stage will incur a cost of r(N). Obvi-
ously, J0(t0,tN) = max{tNL,t0L � r(N)}, and w0 = 0
because r(N + 1) =1. That is, any rework past the
deadline has an infinite cost.

As the induction hypothesis let us suppose that
for tk 2 Sk, where 0 6 k 6 (n � 1), Jk(tk,tN) =
max{tNL,tkL � r(N � k)}.

To establish the induction step, let k = n where
k P 1 and tn 2 Sn. Then, from Eq. (2):

J nðtn;tN Þ

¼max
X1

tn�1¼0

ðptn ;tn�1
�J n�1ðtn�1;tN ÞÞ;tnL� rðN �nÞ

( )

¼max
X

tn�12S

ðptn ;tn�1
�J n�1ðtn�1;tN ÞÞ;tnL� rðN �nÞ

( )

¼max
X

tn�12S

ðptn ;tn�1
�maxftN L; tn�1L� rðN �nþ1ÞgÞ;

(

tnL� rðN �nÞ
)
:

Since tn 2 Sn it follows that E[(tn�1 � mn)+]L �
r(N � n + 1) 6 r(N � n), which implies:

J nðtn; tN Þ ¼ maxftN L; tnLþ E½ðtn�1 � tnÞþ

� L� rðN � nþ 1Þ; tnL� rðN � nÞg
¼ maxftN L; tnL� rðN � nÞg:

We will use the above claim to prove part (b) of the
theorem. If tn 2 Sn, then tn must be incorporated at
the nth stage if mnL � r(N � n) P mNL) (mn � mN)
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L P r(N � n). Also, mn 2 Sn) mn P wn. If tn 62 Sn,
E[(tn�1 � mn)+]L � r(N � n + 1) > r(N � n), which
implies that:

J nðtn; tN Þ ¼ maxftN L; tnLþ E½ðtn�1 � tnÞþ�
� L� rðN � nþ 1Þ; tnL� rðN � nÞg
¼ maxftN L; tnLþ E½ðtn�1 � tnÞþ�
� L� rðN � nþ 1Þg:

Therefore, there will be no incorporations at the nth
stage, and decision-maker will proceed to the
(n � 1)th stage. This completes the proof of part (b).

If n > k, and the information that arrived at the
nth stage was incorporated in the kth stage, it
follows from the above result that mn P wk and
Jk(tn,tN)=max{tNL,tnL � r(N � k)}. Additionally,
since there was no incorporation at the nth stage,
mn < wn and Jn(tn,tN)=max{tNL,tn L + E[(tn�1 �
tn)+] Æ L � r(N � n)}. Since E[(tn�1 � tn)+] Æ L P 0
and r(Æ) is convex, it follows that Jk(tn,tN) 6 Jn

(tn,tN).This should have resulted in an incorpora-
tion at the nth stage itself. This completes the proof
of part (a) of the theorem.

Proof of Theorem 3

Lemma 1. Jk(l,1) � r(l) is non-decreasing in l.

Proof (By induction on k). Base case k = 0: From
Eq. (7) it is obvious that J0(l, 1) � r(l) is non-
decreasing in l, as the induction hypothesis we
assume the same for Jn�1(l, 1) � r(l). Now, from
Eq. (5),

J nðl; 1Þ � rðlÞ ¼ minf½J n�1ðlþ 1; 1Þ � rðlþ 1Þ�
þ ½rðlþ 1Þ � rðlÞ�; J nð0; 0Þg:

Because of the induction hypothesis [Jn�1(l +
1,1) � r(l + 1)] is non-decreasing. Furthermore,
[r(l + 1) � r(l)] is non-decreasing due to the convex-
ity of r(Æ). Therefore Jn(l, 1) � r(l) is also non-
decreasing in l. Thus, the result follows. h

When at stage k and in state l, it is optimal to
incorporate the information if Jk(l, 1) P r(l) +
Jk(0, 0). Let:

sk ¼ minfs : J kðs; 1Þ � rðsÞP J kð0; 0Þg:
By Lemma 1, we can see that for all l P sk,
Jk(l, 1) � r(l) P Jk(sk, 1) � r(sk) P Jk(0,0). Hence,
it is obvious that it is optimal to incorporate the
information when at stage k as soon as l P sk. h
Proof of Theorem 4

Lemma 2. f(s), the average cost for any given s, is

convex in s.

Proof. Let h be the expected interval between two
incorporations. Under the fixed s policy,
h(s) = s + (1 � p)s/p. It is obvious that h(s) is
increasing in s. On the other hand, the long-run
average cost f is equal to (G + ahc)/h. It follows
immediately that f is convex in h. Thus, f is convex
in s. h

Given that f is convex in s, we can find the mini-
mum of f by setting the first order derivative with re-
spect to s equal to zero. By doing so, we get Eq. (8).
Note that when p < 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G=aðc� 1Þc

p
, Eq. (8) has no

solution. That implies that f is monotonically
increasing. As a result, s = 0 minimizes f. Part (a)
follows. h

Proof of Corollary 1. First, we note that when
p = 1, minimizing the expected value of the total
rework cost essentially requires us to solve the
shortest-path problem on the rework-cost graph
(cf. Fig. 5), where the cost associated with any edge
that spans ivertices is r(l) = G + alc. We will now
show that the solution to the shortest-path problem
is similar in structure to a fixed s policy when c P 1.

Claim: The shortest-path on the rework-cost
graph from the Nth stage to the 0th stage involves a
collection of edges that span a fixed-number (say k)
of vertices, and at most one edge that spans k + 1
vertices, or k � 1 vertices.

Suppose the shortest-path in the rework graph
involves m edges, where the ith edge in the path
spans ki vertices. The cost of this path would bePm

i¼1aðkiÞc þ mG, where
Pm

i¼1ki ¼ N . When c P 1,
the optimal solution can take one of three forms:

Form 1: N
m

� �
¼ N

m

� �
¼ ki ¼ s. In this case the

decision-maker performs m many incorporations
every s stages.11

Form 2: N
m

� �
6¼ N

m

� �
and ðm� 1Þ N

m

� �
þ N

m

� �
¼ N . In

this case the decision-maker performs (m � 1) many
incorporations every s ¼ N

m

� �
stages, followed by a

single (and final) incorporation at the deadline after
N
m

� �
stages.
m
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Form 3: N
m

� �
6¼ N

m

� �
and ðm� 1Þ N

m

� �
þ N

m

� �
¼ N . In

this case, s ¼ N
m

� �
stages. h

Proof of Corollary 2. Let C1(p) and C2(p) denote the
expected total rework cost of using the optimal pol-
icy and the fixed s policy for a particular value of p,
respectively. For the cost structure in our model,
C1(p) and C2(p) are both continuous and differentia-
ble. Also, it is obvious that C1(p) and C2(p) are both
monotonically increasing in p. We know that
C1(p) 6 C2(p) for all p, and C1(1) = C2(1). These
observations indicate there is a 0 6 p* 6 1, defined
as the largest number where the following inequality

holds: 8p 2 ½p�; 1�; d
dp C1ðpÞ
� �

p¼�p
P d

dp C2ðpÞ
� �

p¼�p
. It

follows that the value of C2(p) � C1(p) should
decrease with an increase in p in the interval
[p*,1]. h
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