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Abstract. In this paper we consider the notions ofglobal-fairness(G-fairness) andbounded-fairness(B-fairness)
for arbitrary Petri nets (PNs). G-fairness in a PN guarantees every transition occurs infinitely often in every valid
firing sequence of infinite length. B-fairness guarantees a bound on the number of times a transition in the PN can
fire without some transition firing at least once. These properties are guaranteed without recourse to assumptions
on firing time distributions or contention resolution policies. We present a necessary and sufficient condition for
the existence of supervisory policies that enforce G-fairness and B-fairness along with various observations on the
closure properties of policies that enforce these notions of fairness in controlled PNs with a (possibly) non-empty
set of uncontrollable transitions. We also derive a necessary and sufficient condition that guarantees a minimally
restrictive supervisor that enforces these notions of fairness for bounded PNs. These results are illustrated via
examples.
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1. Introduction

A diverse class of systems can be modeled as systems with several independent interacting
concurrent processes. The interaction between the processes occurs asynchronously, and
the orderly execution of operations requires some control mechanism to provide the proper
sequencing between these components. Typically, each independent process is split into
several operations, the execution of each operation is conditioned on the satisfaction of a
finite set of logical preconditions. Upon the execution of any such operation, a new set
of logical conditions is created that inhibit the execution of some operations and enables
the execution of others in the system. Petri nets are an ideal choice for the modeling of
such systems as they allow easy representation of the logical preconditions and subsequent
changes in their values as the state of the system evolves in time. This paper concerns
ambiguities orcontentionsthat can arise in these systems and the analysis of built-in mech-
anisms that resolve these contentions. Two operations in a system are said to bemutually
exclusiveif at a given point in time, the execution of one precludes the execution of the
other. Acontention freesystem is one in which, at no instance in the temporal evolution of
the state of the system, the logical preconditions for the execution of two mutually exclusive
operations are simultaneously satisfied. If a system has operations in contention, then a
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decision rule, or acontention resolution policy, selects the operations to be executed. In
these cases great care must be exercised in ensuring one contending process is not favored
over another.

As an example consider the CSMA/CD protocol used in Ethernet (cf. section 8.4,
(Schwartz, 1988); (Socolofsky and Kale, 1991)). Devices on an Ethernet communicate
using a common medium, say a shielded twisted pair. Only one device can transmit at any
time. However, each device on the shared medium can listen all the time. A device proceeds
to transmit only when it detects the medium is idle. If two devices try to transmit at the
same instant, a collision is detected and both devices wait a random amount of time and
try to transmit again. A contention, (a collision, in this example), is a situation when two
processes (devices, in this example) request the use of a common resource (the medium, in
this example). A notion of fairness could be an assurance that a particular device does not
almost always relinquish its right to transmit to its contender. In this example, this can be
guaranteed by appropriate assumptions on the support of the probability density function
of the random waiting time. As we shall see in section 2 we consider a stronger notion of
fairness than the probabilistic one alluded to above.

The literature on PNs contains several notions of fairness. We consider the two no-
tions of fairness in Murata’s review paper (Murata, 1989):global-fairness(G-fairness) and
bounded-fairness(B-fairness). These notions of fairness are defined in terms of valid firing
strings, valid firing sequences and the set of reachable markings. Since an arbitrary PN can
be unbounded, it is not obvious how one can verify these properties from their definitions. In
this paper we show these properties can be equivalently expressed as conditions on their cov-
erability graphs. The coverability graph of a PN is a graph on a finite number of vertices and
therefore these properties can be verified. We present a necessary and sufficient condition
for the existence of supervisory policies that enforce G-fairness and B-fairness inCon-
trolled Petri nets(CtlPNs) (Krogh, 1987), (Holloway, 1988), (Holloway and Krogh, 1990),
(Holloway and Krogh, 1992) that are not G-fair or B-fair. Unlike many problems in con-
ventional supervisory control, supervisory policies that enforce G-fairness or B-fairness are
not closed under disjunction. This in turn implies that the minimally restrictive supervisor
does not always exist. In those cases where there exists a supervisory control policy that
enforces B-fairness (G-fairness) in bounded PNs, we identify a necessary and sufficient
condition for the existence of a minimally restrictive supervisory policy.

The paper is organized as follows: section 2 introduces the notations and definitions.
Section 3 introduces a procedure to test for G-fairness and B-fairness in arbitrary PNs.
Section 4 contains the main results of this paper and in section 5 we illustrate the results
derived in section 4 using examples. We conclude with some future research directions in
section 6.

2. Notations and Definitions

A Petri net(PN)N(m0) = (Π, T , Φ, m0) is an ordered 4-tuple, whereΠ = {p1, p2, . . .,
pn} is a set ofn places, T = {t1, t2, . . ., tm} is a set ofm transitions, Φ ⊆ (Π × T ) ∪ (T
× Π) is a set ofarcs1, m0:Π→ N is theinitial marking function(or theinitial marking,
andN is the set of nonnegative integers). Thestateof a PN is the markingm:Π→N that
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identifies the number oftokensin each place. PNs can represent infinite-state systems as the
value of the marking can be unbounded. A markingm:Π→ N is sometimes represented
by an integer-valued vectorm ∈ Nn, where thei-th componentmi represents the token
load (m(pi)) of the i-th place. The context should suggest the appropriate usage. For a
given markingm a transitiont ∈ T is said to beenabledif ∀ p ∈ •t, m(p) ≥ 1, where•x
:= {y | (y, x) ∈ Φ}. For a given markingm the set of enabled transitions is denoted by the
symbolTe(m). An enabled transitiont ∈ Te(m) canfire, which changes the markingm to
m̂ according to the equation

m̂(p) = m(p)− card(p• ∩ {t}) + card(•p ∩ {t}), (1)

wherex• := {y | (x, y) ∈ Φ} and the symbolcard(•) is used to denote the cardinality of
the set argument.

A string of transitionsσ = tj1tj2 · · · tjk , wheretji ∈ T (i ∈ {1, 2, . . ., k}) is said to be a
valid firing stringstarting from the markingm, if,

• the transitiontj1 is enabled under the markingm, and

• for i ∈ {1, 2,. . ., k− 1} the firing of the transitiontji produces a marking under which
the transitiontji+1 is enabled.

Given an initial markingm0 the set ofreachable markingsfor m0, denoted by<(N(m0)),
is the set of markings generated by all valid firing strings starting with markingm0 in the
PNN(m0). At a markingm1, if the firing of a valid firing stringσ results in a marking
m2, we represent it asm1→ σ→m2. In the context of the marking being represented as
a nonnegative, integral vector, thei, j-th entry of theN(m0) × m incidence matrixC of
the PNN(m0) is a matrix defined as

Ci,j =

 −1 if pi ∈ •t - t•,
1 if pi ∈ t• - •t,
0 otherwise.

So, if x(σ) is the Parikh mapping of any valid firing stringσ ∈ T ∗ starting atm0, the
resulting markingm can be represented as

m = m0 + Cx(σ). (2)

Given two integer-valued vectorsx, y, we use the notationx> y (x≥ y) if each component
of x is greater than (greater than, or, equal to) the corresponding component ofy.

Two transitionsti, tj ∈ T , are said to be in abounded fair relation(B-fair relation)
(Murata and Wu, 1985), (Murata, 1989), (Leu, Silva and Colom, 1988) if there exists a pos-
itive integerk such that for anym ∈ <(N(m0)), and for any valid firing stringσ ∈ T ∗,
starting fromm, x(σ)i = 0⇒ x(σ)j ≤ k, andx(σ)j = 0⇒ x(σ)i ≤ k. The PNN(m0) is
said to be B-fair if every pair of transitions in the PN is in a B-fair relation. The B-fairness of
a PN is determined by the structure of the PN and the initial marking. Often, the dependence
on the initial marking is eliminated by defining astructural B-fairnessproperty (cf. defini-
tion 2, (Murata and Wu, 1985)). Under this definition, a PN is said to bestructurally B-fair
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For a given PNN(m0) = (Π, T , Φ, m0), theKarp and Miller Tree(KM-tree) ofN(m0),
G(N,m0) = (V ,A, Ψ), is a labeled, directed tree whereV is the set of vertices,A is the set
of arcs, andΨ:A→ V × V , is the incidence function. Ifa is a directed arc that connects
vertexu to vertexv, thenΨ(a) = (u, v). Each vertexvi is associated with an extended
markingµ(i) ∈ (N ∪ ∞)n, and each edge in the KM-tree is associated with a transition.
The algorithm for the construction of the KM-treeG(N,m0) = (V , A, Ψ) for a given PN
N(m0) is presented below (cf. section 4.2.1, (Peterson, 1981)).

• The root vertex ofG is v0 andµ(v0) = m0.

• Let vi be a vertex already inG with a labelµ(vi) ∈ (N ∪∞)m, then:

• If the label ofvi is identical to the label of some vertexvj already inG,
thenvi has no children and is marked as aduplicateof vj .

• If no transitions are enabled for the extended markingµ(vi), thenvi is
said to be aterminalvertex.

• ∀ tj ∈ T enabled under the extended markingµ(vi), create a new vertex
vk in G. Also create a directed arc fromvi to vk with a labeltj . The
extended markingµ(vk) is computed as follows:∀ l ∈ {1, 2, . . . , n}
• If µ(vi)l =∞, thenµ(vk)l =∞.
• If ∃ vm on the path fromv0 to vk with as associated marking
µ(vm) such that (i)µ(vm) ≤ µ(vi) + C1j , where1j is the unit-
vector that corresponds to the firing oftj , and (ii) µ(vm)l <
(µ(vi) + C1j)l, thenµ(vk)l =∞.
• Otherwise,µ(vk)l = (µ(vi) + C1j)l.

The KM-tree of any PN is finite (cf. theorem 4.1, (Peterson, 1981), theorem 4.1, (Reutenauer,
1990)). The coverability graph,̂G(N(m0)) = (V̂ , Â, Ψ̂), of a PN is essentially the KM-tree
where the duplicate vertices are merged as one. Since edges originating from any vertex
are assigned distinct transitions, a coverability graph can be interpreted as a deterministic,
finite-state automaton that generates a language that is a subset ofT ∗. Therefore, in this
paper, paths in coverability graphs are identified by the sequence of transitions that corre-
spond to the labels of the edges. If there exists a path labeledσ ∈ T ∗ from vertexvi to
vertexvj in the coverability graph, we represent it asvi → σ→ vj .

A Controlled Petri net(CtlPN) is expressed as an ordered 7-tuple:M(m0) = (Π, Tu, Tc,
Φ, m0, C, B), whereΠ = {p1, p2, . . ., pn} is a set ofn state-places, Tu = {tu1 , tu2 , . . .,
tup} is a set ofp uncontrollable transitions, Tc = {tc1, tc2, . . ., tcq} is a set ofq controllable
transitions, Φ⊆ (Π× T ) ∪ (T ×Π) is a set ofstate-arcs; C = {c1, c2, . . ., cq}2 is the set of
control-places; B = {(ci, tci ) | i = 1, 2,. . ., q}, is the set ofcontrol-arcs; m0:Π→N is the
initial marking function(or theinitial marking, andN is the set of nonnegative integers).
The CtlPNM(m0) = (Π, Tu, Tc, Φ, m0, C, B) contains the underlying PNN(m0) = (Π,
Tu ∪ Tc, Φ, m0). We say the CtlPNM(m0) is boundedwhen the underlyingN(m0) is
bounded. In graphical representations of CtlPNs, controllable (uncontrollable) transitions
are represented by dark/filled (empty/unfilled) rectangles, and we do not explicitly represent
the control-places.
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A control u:C → {0, 1} assigns a token load of 0 or 1 to each control place. With
the added provision that uncontrollable transitions are always control-enabled, the control
can also be interpreted as an(p + q)-dimensional binary vectoru ∈ {0, 1}p+q, where the
indices{1, 2, . . . , p} ({p+ 1, p+ 2, . . . , p+ q}) represent the uncontrollable (controllable)
transitions. It would help to view the controlu as follows: if thei-th component ofu, is 0
(1) then transitionti is control-disabled (control-enabled). For a given markingm (control
u), a transitionti ∈ T is said to be state-enabled (control-enabled) ifti ∈ Te(m) (if ui =
1). A transition that is control-enabled and state-enabled can fire resulting in the marking
given by equation 1. Asupervisory policyP:(Tu ∪ Tc)∗ → {0, 1}m, is a total map that
assigns a control for each string of transitions. Given two supervisory policiesP1 andP2,
we sayP1 is less restrictivethanP2 if, ∀ σ ∈ (Tu ∪Tc)∗,P1(σ)≥P2(σ), componentwise.

For a given CtlPN and supervisory policyP, a string of transitionsσ = tj1tj2 · · · tjk ,
wheretji ∈ T (i ∈ {1, 2,. . ., k}) is said to be avalid firing string under supervisionstarting
from the markingm, if,

• ∃ σ̃ ∈ (Tu ∪Tc)∗, such that̃σ is a valid firing string under supervision starting from the
initial markingm0, such thatm0 → σ̃→m, and

• the transitiontj1 is state-enabled under the markingm, P(σ̃)j1 = 1, and

• for i ∈ {1, 2, . . ., k − 1} the firing of the transitiontji produces a markinĝm under
which the transitiontji+1 is state-enabled andP(σ̃tj1tj2 · · · tji)ji+1 = 1.

For a given supervisory policyP, the set ofreachable markings under supervisionfor a
CtlPNM(m0) with initial markingm0, denoted by<(M(m0),P) is defined as the set of
markings generated by all valid firing strings under supervision starting with markingm0

in the CtlPNM(m0). The KM-tree for a CtlPN is the KM-tree of its underlying PN.
Theweakest liberal precondition, Ω(Ṽ ), of a set of vertices̃V ⊆ V̂ , in the coverability

graphĜ= (V̂ , Â, Ψ̂), is defined as follows:

Ω(Ṽ ) = {ṽ ∈ V̂ | (∃tu ∈ Tu such that̃v → tu → v̂ ⇒ v̂ ∈ Ṽ )
or (∀tu ∈ Tu, 6 ∃v̂ such that̃v → tu → v̂)}

We sayṼ is control-invariantif Ṽ ∩ Ω(Ṽ ) = Ṽ .
For a given supervisory policyP, two transitionsti, tj ∈ Tu ∪ Tc, are said to be in a

B-fair relation if there exists a positive integerk such that for anym ∈ <(M(m0),P), and
any valid firing stringσ ∈ (Tu ∪ Tc)∗, under the supervision ofP, starting fromm, x(σ)j
= 0⇒ x(σ)i ≤ k, andx(σ)i = 0⇒ x(σ)j ≤ k. A supervisory policyP is said to enforce
B-fairness if every pair of transitions in the CtlPN is in a B-fair relation.

A sequenceα ∈ Tω, is said to be a valid under the supervision ofP if and only if ∀
σ ¹ α, σ is a valid firing string under the supervision ofP. A firing sequenceα ∈ Tω,
that is valid under the supervision ofP, is said to be G-fair if and only ifx(α)i =∞, ∀
i ∈ {1, 2, . . . ,m}. The supervisory policyP is said to enforce G-fairness if and only if
every valid firing sequenceα starting from each marking reachable under supervisionm ∈
<(M(m0),P) is G-fair.
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3. Testing the B-Fairness and G-Fairness of Arbitrary PNs

Lemma 3.1 and theorem 3.2 of reference (Silva and Murata, 1992) show the B-fairness of
a PN can be stated in terms of closed-circuits in the coverability graph of a PN. This is
stated without proof in theorem 1. However, the proof of this observation is similar to that
of theorem 2, where we show the G-fairness of a PN can be equivalently represented as a
condition on the closed-circuits in the coverability graph.

Theorem 1 A PNN(m0) = (Π, T,Φ,m0) is B-fair if and only if for every closed-circuit
vi → σ → vi, wherevi ∈ V̂ is a vertex in the coverability grapĥG(N,m0) = (V̂ , Â, Ψ̂),
x(σ) > 0.

The following notation is used for the proof of theorem 2. For a vertexvj in the coverability
graph we define the setI∞vj of indices of places assigned an infinite-token load under the
extended markingµ(vj) as

I∞vj = {i ∈ {1, 2, . . . , n} | (µ(vj))i =∞}.

Theorem 2 A PNN(m0) = (Π, T,Φ,m0) is G-fair if and only if for every closed-circuit
vi → σ→ vi, wherevi ∈ V̂ is a vertex in the coverability grapĥG(N,m0) = (V̂ , Â, Ψ̂),

(Cx(σ) ≥ 0)⇒ (x(σ) > 0).

Proof: (Only if, via the contrapositive) Let there be a vertexvi ∈ V̂ , and let there be a
σ ∈ T ∗, such thatvi → σ → vi, Cx(σ) ≥ 0, andx(σ)j = 0, for somej ∈ {1, 2, . . . ,m}.
From theorem 4.2, (Reutenauer, 1990), we know that∀ k ∈ N , ∃ m ∈ <(N(m0)), such
that (i)ml ≥ k, l ∈ I∞vi , and (ii)ml = (µ(vi))l <∞, l /∈ I∞vi . By choosingk large enough,
we guarantee the validity of the firing stringσ at m. Let m0 → σ̃ → m. SinceCx(σ)
≥ 0, we can repeat the firing stringσ ad infinitumat m. Therefore the sequenceα = σ̃σω

is valid for the initial markingm0. Sincex(σ)j = 0, it follows that transitiontj does not
occur infinitely often inα. Hence the PN is not G-fair.

(If, via the contrapositive) Without loss in generality we can assume the existence of a
valid sequenceα ∈ Tω, starting from the initial markingm0, such thatx(α)j = 0, for
somej. From lemma 4.6, (Reutenauer, 1990) we infer the existence of a path of infinite
length inĜ(N(m0)) that corresponds toα. By theorem 4.1, (Peterson, 1981) or theorem
4.1, (Reutenauer, 1990), we know the coverability graph has a finite number of vertices.
Therefore, there exists a vertexvi ∈ V̂ thatα visits infinitely often. Also, there exists
a string of transitions,̂σ, in α that corresponds to the transitions fired between two (not
necessarily consecutive) visits tovi, that identifies a closed-circuit in the coverability graph,
such thatCx(σ̂) ≥ 0. Otherwise, each visit tovi would deplete the token load of some
place, ultimately resulting in a deadlock. That is,vi → σ̂ → vi, x(σ̂)j = 0, andCx(σ̂) ≥
0. Hence the result.

The coverability graph of the PN of figure 1(a) is shown in figure 2(a). It is not hard to
see that every closed-circuitvi→ σ→ vi, satisfies the requirementx(σ) > 0, Cx(σ) = 0.
Therefore, this PN is G-fair and B-fair.
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The coverability graph of the PN in figure 1(b) is shown in figure 2(b). Figure 2(c) shows
the strongly connected component of this coverability graph. The loops around verticesv6,
v8 andv10 labeledt2 violate the requirement of theorem 1. Therefore, this PN is not B-fair.
To verify G-fairness, we need to verifyCx(σ) ≥ 0⇒ x(σ) > 0. We can ignore the loops
labeledt2 asCx(t2) = (0 -1 0 1 0)T . Any closed-circuit that starts atvi and terminates atvi
(i = 6, 8, 10), can be decomposed into subpaths that involve an arbitrary number (possibly
zero) of traversals of edges labeledt2 followed by a single traversal of the edges labeledt1,
t3, andt4. So, ifσ is a closed-circuit in the coverability graph, then

Cx(σ) = a×


b×


0
−1

0
1
0


︸ ︷︷ ︸

t2

+


−1

1
1
0
0


︸ ︷︷ ︸

t1

+


0
0
−1

0
1


︸ ︷︷ ︸

t3

+


1
1
0
−1
−1


︸ ︷︷ ︸

t4


=


0

a(2− b)
a

a(b− 1)
0

 .

If Cx(σ) ≥ 0⇒ b = 1 or 2. That is, any closed-circuitvi → σ→ vi, such thatCx(σ) ≥
0⇒ x(σ) > 0. Therefore, the PN in figure 1(b) is G-fair.

The KM-tree and coverability graph of the PN in figure 1(c) is shown in figure 2(d). This
PN is not B-fair as the pathv0 → t2t1 → v0 violates the requirement of theorem 1. This
path also violates the requirement of theorem 2, hence the PN is not G-fair either.

Using the conditions of theorems 2 and 1 we can infer that every B-fair PN is also a G-fair
PN. If a PN is bounded, then there is a one-to-one correspondence between the vertices of
the coverability graph and the set of reachable markings, and every path in the coverability
graph is a valid firing string. From this we infer that a bounded PN that is not B-fair is
also not G-fair. This is because every closed-circuit,vi → σ → vi, in the coverability
graph of a bounded PN must satisfy the requirementCx(σ) = 0. So, for bounded PNs
G-fairness implies B-fairness. This is a different justification for a result in the literature
(Leu, Silva and Colom, 1988).

4. Main Results

We turn our attention to the issue of enforcing G-fairness or B-fairness in CtlPNs us-
ing the paradigm of supervisory control (Ramadge, 1989),(Ramadge and Wonham, 1987),
(Ramadge and Wonham, 1987). Theorem 3 presents a necessary and sufficient condition
for the existence of a supervisory policyP that enforces G-fairness on B-fairness in an
arbitrary CtlPN. Before we present a proof of this theorem we present an observation on su-
pervisory policies that enforce B-fairness. The proof of this observation is straightforward
and is skipped for brevity.

Observation 1 If a supervisory policyP: (Tu ∪ Tc)∗ → {0, 1}p+q (p = card(Tu); q
= card(Tc)) enforces B-fairness in a CtlPNM = (Π, Tu, Tc, Φ, m0, C, B), thenP also
enforces G-fairness inM .
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Proof: (Only if, via contradiction) We first consider the case whenN̂ violates the re-
quirement of theorem 2, then∃ σ̃, σ ∈ T ∗u , ∃m1, m2 ∈ <(N,m0), such thatm0 → σ̃→
m1 → σ→m2, m2 ≥m1, and sometj ∈ Tu does not appear inσ. Since uncontrollable
transitions are always control-enabled, it follows thatα = σ̃σω is a valid firing sequence
in M(m0) under the supervision of any policy. Since the sequenceα is not G-fair, there
can be no supervisory policy that enforces G-fairness inM(m0). From the contrapositive
interpretation of observation 1 we infer there can be no supervisory policy that enforces
B-fairness either.

(If part) If N̂ satisfies the requirement of theorem 2 (theorem 1) then the supervisory policy
that control-disables all transitions inTc enforces G-fairness (B-fairness). Hence the result.

We now consider the closure properties of the family of supervisory policies that enforce
B-fairness and G-fairness.

Observation 2 For an arbitrary CtlPN, the family of supervisory policies that enforce
B-fairness (G-fairness) are closed under conjunction.

Proof: (Via contradiction) LetP1,P2 be two supervisory policies that enforce B-fairness
in a CtlPNM(m0). Let P̂ = P1 ∧ P2 denote the supervisory policy resulting from the
conjunction ofP1 andP2, and sayP̂ does not enforce B-fairness inM(m0). So,∀ k ∈
N , ∃ ti, tj ∈ Tu ∪ Tc, ∃ m ∈ <(M(m0), P̂), ∃ σ ∈ (Tu ∪ Tc)∗, such thatσ is valid under
the supervision of̂P starting from the markingm andx(σ)j = 0 whilex(σ)i > k. Sinceσ
is a valid firing string under the supervision ofP̂ starting from the markingm, it follows
that∃ σ̃ ∈ (Tu ∪ Tc)∗, that is valid under the supervision of̂P such thatm0 → σ̃ → m.
Using an induction argument over the length ofσ̃σ it can be shown that̃σσ is valid under
the supervision of eitherP1 orP2 starting fromm0. The details of this routine procedure
are skipped for brevity. Sincex(σ)j = 0 andx(σ)i ≥ k it follows that neitherP1 norP2

enforces B-fairness. A contradiction.
Using a similar argument, the family of supervisory policies that enforce G-fairness can

be shown to be closed under conjunction.

The above observation implies that if the family of supervisory policies that enforce
G-fairness (B-fairness) is non-empty, the most restrictive supervisory policy that enforces
G-fairness (B-fairness) can be constructed by the repeated conjunction of all policies that
enforce G-fairness (B-fairness). It is not hard to see that this process will result in a
supervisory policy that disables all controllable transitions permanently. Dually, following
the tradition of supervisory control (Ramadge and Wonham, 1987), one might be tempted
to believe that the disjunction of all supervisory policies that enforce G-fairness (B-fairness)
would yield a minimally restrictive policy. Unfortunately, supervisory policies that enforce
G-fairness (B-fairness) are not closed under disjunction in general. This is formally stated
in the following observation.

Observation 3 For an arbitrary CtlPN, the family of supervisory policies that enforce
B-fairness (G-fairness) are not necessarily closed under disjunction.
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Proof: (Via example) Consider the CtlPN shown in figure 3. Since all transitions in
this CtlPN are controllable, the PN̂N(m0) obtained by deleting all controllable transition
trivially satisfies the conditions of theorems 1 and 2. From theorem 3 we know there
exists supervisory policies that enforce G-fairness and B-fairness. LetPi (i = 1,2) be two
supervisory policies defined forω ∈ T ∗, as

Pi(ω) =


(1 0)T if ω 6= ε and the last transition inω is t2,
(0 1)T if ω 6= ε and the last transition inω is t1,
(1 0)T if ω = ε andi = 1,
(0 1)T if ω = ε andi = 2.

Stated plainly, these supervisory policies enforce the alternate firing oft1 andt2, wheret1
(t2) is the transitions that is permitted to fire first under the policyP1 (P2). While each
policy enforces B-fairness and G-fairness, their disjunction,P1 ∨ P2, does not. This is
because all transitions are permanently enabled underP1 ∨P2, and the firing sequencestω1
andtω2 will be valid under supervision.

As a consequence of the above observation we infer that not all CtlPNs have a minimally
restrictive supervisory policy that enforces G-fairness (B-fairness). However, there are
CtlPNs that yield a minimally restrictive supervisory policy that enforces G-fairness (B-
fairness). Consider the CtlPN shown in figure 4. Since all transitions are controllable,
this CtlPN satisfies the requirement of theorem 3 and there exists a supervisory policy that
enforces B-fairness. Consider two supervisory policiesP1 andP2, where

P1(ω) =
{

(1 1 0 1)T if the last transition inω is t1
(1 1 1 1)T otherwise.

P2(ω) =
{

(1 0 1 1)T if the last transition inω is t1
(1 1 1 1)T otherwise.

For this example the supervisory policyP = P1 ∨ P2 enforces B-fairness, and is also min-
imally restrictive. A natural follow-up to these examples is the identification of necessary
and sufficient conditions that guarantee the existence of a minimally restrictive supervisory
policy.

This issue has been addressed in the context of supervisory control of infinite behaviors.
Corollary 5.11 in Thistle’s thesis (Thistle, 1991) identifies a necessary and sufficient con-
dition for this problem. In the following we provide an interpretation of this result in the
context of G-fairness for the PNs shown in figure 3 and 4. We assume familiarity with
Thistle’s notation of a DEDS(L, S), whereL⊆Σ∗ andS ⊆Σω, and we refer the reader to
Thistle’s thesis (Thistle, 1991) for a detailed treatment. For the CtlPN shown in figure 3, the
uncontrolled CtlPN is identified by the 2-tuple({t1, t2}∗, {t1, t2}ω). The infinite behavior
that corresponds to the specification of G-fairness for this example is{t1, t2}ω − {tω1 , tω2 }.
Since all transitions in this PN are controllable, we infer there does not exist a mini-
mally restrictive supervisory policy, as{t1, t2}ω − {tω1 , tω2 } is notω-closed (cf. chapter
2, (Thistle, 1991)) with respect to{t1, t2}ω. For the CtlPN shown in figure 4, the uncon-
trolled CtlPN is identified by the 2-tuple({t1t2t3t4 ∪ t1t3t2t4}∗, {t1t2t3t4 ∪ t1t3t2t4}ω).
G-fairness for this example is specified by the infinite-language{t1t2t3t4 ∪ t1t3t2t4}ω,
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Figure 3. An illustration of the fact that supervisory policies that enforce B-fairness/G-fairness are not closed
under disjunctions.

Figure 4. A CtlPN where there is a unique, minimally restrictive supervisory policy that enforces B-fairness and
G-fairness.

which is the same as the uncontrolled infinite-behavior. Since all transitions in the CtlPN
are controllable and theω-closure requirement is satisfied trivially, it follows there is a
minimally restrictive supervisory policy in this case. We must mention that the application
of Thistle’s test was significantly aided by the fact that we were able to glean out the be-
havioral specification from the uncontrolled CtlPN model and the property of G-fairness.
Additionally, the investigation intoω-closure was relatively easy in these examples. This
might not be the case in general. In theorem 4 we identify a necessary and sufficient condi-
tion for the existence of a minimally restrictive supervisory policy that enforces B-fairness
(G-fairness) in bounded CtlPNs. We suggest investigations into appropriate extensions to
the unbounded case as a future research topic.

LetM(m0) = (Π, Tu, Tc, Φ, m0,C,B) be a bounded CtlPN with a bounded underlying
PNN(m0) = (Π, Tu ∪ Tc, Φ, m0). Let Ĝ(N(m0)) = (V̂ , Â, Ψ̂) be the coverability graph
of the PNN(m0). Letv0 be the initial vertex of the coverability graph, and letV(M(m0))
⊆ 2V̂ be the finite family of all subsets of vertices of the coverability graph such that,∀ Ṽ
∈ V(M(m0)),

1. v0 ∈ Ṽ , and∀ v ∈ Ṽ , ∃ σ ∈ (Tu ∪ Tc)∗, such thatv0 → σ → v in the subgraph of
Ĝ(N(m0)) induced byṼ .
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2. Ṽ is control-invariant.

3. ∀ v ∈ Ṽ , if ∃ σ ∈ (Tu ∪ Tc)∗ such thatv → σ → v andx(σ)j = 0 for somej ∈
{1, 2, . . . , p+ q} thenσ /∈ T ∗u .

Theorem 4 LetM(m0) = (Π,Tu,Tc, Φ, m0,C,B) be a bounded CtlPN with a bounded
underlying PNN(m0) = (Π, Tu ∪ Tc, Φ, m0), such that there exists a supervisory policy
that enforces B-fairness (G-fairness). There exists a minimally restrictive supervisory policy
that enforces B-fairness (G-fairness) if and only if∀ Ṽ ∈ V(M(m0)), ∀ v ∈ Ṽ ,

if ∃σ ∈ (Tu ∪ Tc)∗, such thatv → σ → v, in the subgraph induced bỹV ,

thenx(σ) > 0.

Proof: (Only if, via contradiction) This part of the proof is similar to Giua and DiCesare’s
result on the existence of supremal controllable sublanguages for PN models (Giua and
DiCesare, 1994, Giua and DiCesare, 1995).

If ∃ Ṽ ∈ V(M(m0)), ∃ v ∈ Ṽ , ∃ σ ∈ (Tu ∪ Tc)∗, such thatv→ σ→ v in the subgraph
induced byṼ , andx(σ)j = 0, for somej ∈ {1, 2, . . . , p+ q}. SinceṼ ∈ V(M(m0)), we
inferσ /∈ T ∗u . Therefore,∃ σ1, σ2 ∈ (Tu ∪ Tc)∗, ∃ tc ∈ Tc, such thatσ = σ1tcσ2. Letv0→
σ̃ → v, and the existence of̃σ is guaranteed by the fact thatv ∈ Ṽ andṼ ∈ V(M(m0)).
For anyk ∈ N , let σ̂k = σ̃σk, and letPk:(Tu ∪ Tc)∗ → {0, 1}p+q be a supervisory policy
defined recursively as:

Pk(ω)j =
{

1 if tj ∈ Tu, orωtj ¹ σ̂k
0 otherwise.

There are no loops in the subgraph induced byṼ that only involve uncontrollable transitions.
Also, Ṽ is control-invariant. Therefore, the longest string that is valid under the supervision
of Pk has a length that is no greater than(k× | σ |)+ | σ̃ | +card(Ṽ ). Therefore, there are
no valid firing sequences under the supervision ofPk, this in turn impliesPk enforces G-
fairness. From the fact that there can be no string longer than(k× | σ |)+ | σ̃ | +card(Ṽ )
that is valid under supervision, we inferPk enforces B-fairness also. Now, letP∗ be a
supposedly, minimally restrictive supervisory policy that enforces B-fairness (G-fairness),
but∃ i ∈N , such thatPi(σ̃σi−1)> P∗(σ̃σi−1). This is because the sequenceσ̃σω cannot
be permitted by any supervisory policy that enforces B-fairness (G-fairness). This in turn
impliesP∗ is not minimally restrictive, a contradiction.

(If part) From the definition ofV(M(m0)), we infer Ṽ1, Ṽ2 ∈ V(M(m0))⇒ Ṽ1 ∪ Ṽ2

∈ V(M(m0)). SinceV̂ is finite, card(V(M(m0)) < ∞, therefore there is an unique
maximal element with respect to set-containment inV(M). Let Ṽ ∗ ∈ V(M(m0)) denote
this maximal element. Using the subgraph induced byṼ ∗, we define a supervisory policy
P∗:(Tu ∪ Tc)∗ → {0, 1}p+q as follows:

P∗(ω)j =

 0 if j > p (i.e. tj ∈ Tc) and 6 ∃ v ∈ Ṽ ∗ such thatv0 → ωtj → v

in the subgraph induced bŷV ∗

1 otherwise.
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SinceN(m0) is a bounded PN there is a one-to-one correspondence between the reachable
markings in<(N(m0)) and the vertices of̂G(N(m0)). From the definition ofP∗ and
the fact thatṼ ∗ is control-invariant, we infer:∃ σ ∈ (Tu ∪ Tc)∗, such thatv0 → σ → v

in the subgraph induced bỹV ∗ ⇔ σ is a valid firing string under the supervision ofP∗
starting fromm0. This can be established by induction over the length of the stringσ, and
is skipped for brevity.

If P∗ does not enforce B-fairness, then∀ k ∈N , ∃ ti, tj ∈ Tu∪Tc, ∃ σ ∈ (Tu∪Tc)∗, such
thatσ is valid under the supervision ofP∗, starting from some markingm∈<(M(m0),P∗),
such thatx(σ)i > k andx(σ)j = 0. Let σ̃ ∈ (Tu ∪ Tc)∗ be a string such that under the
supervision ofP∗, m0 → σ̃ →m. From the previous observation we infer the existence
of a path in the subgraph induced byṼ ∗ that corresponds tõσσ. Settingk = card(Ṽ ∗) +
1, we infer the presence of a vertexvi ∈ Ṽ ∗, and a substrinĝσ of σ such thatvi → σ̂ →
vi. Sincex(σ)j = 0⇒ x(σ̂)j = 0. A contradiction. From observation 1, we inferP∗ also
enforces G-fairness inM(m0).

In the coverability grapĥG(N(m0)), if ∃ vi, vj ∈ V̂ , ∃ tk ∈ Tu ∪ Tc such thatvi →
tk → vj andvi ∈ Ṽ ∗ but vj /∈ Ṽ ∗, thentk ∈ Tc asṼ ∗ is control-invariant. Also we can
infer that∃ vl ∈ V̂ , ∃ σ1, σ2 ∈ T ∗u , such thatvj → σ1 → vl → σ2 → vl. Otherwise,
vj would be in the maximal set of vertices̃V ∗. Therefore, if for someω ∈ (Tu ∪ Tc)∗,
P∗(ω)j = 0 thentj ∈ Tc and permitting its firing would result in a marking from which an
uncontrollable string of transitions can occur that violates the requirements of B-fairness
(G-fairness). Therefore,P∗ is a minimally restrictive supervisory policy that enforces
B-fairness (G-fairness). Hence the result.

5. Examples and Discussion

To illustrate the results of the previous section, we present a simple example motivated by
a manufacturing application. Consider the production of two part types – part 1 and part 2
using a duplicating lathe. The raw materials for the machining tasks are fastened to fixtures
of two types – fixture 1 and fixture 2. The fixture with the raw material is mounted on
the lathe and is subsequently machined. After the completion of machining, the finished
product is removed from the fixture and different piece of the raw material is fastened to
the fixture and the whole process is repeated again. The process of unfastening the finished
product and replacing it by a new piece of raw material is represented as a single event for
simplicity. The duplicating lathe is free to do another part type when the finished product is
being removed from the fixture. The CtlPN model for this manufacturing process is shown
in figure 5(a). The semantics of each place is given below. The semantics of each transition
can be inferred from the firing semantics of the CtlPN and the semantics of the places.

• p1: The raw material for part 1 is fastened onto the fixture 1 (F1) and is available for
machining.

• p2: The lathe is free.
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• p3: The raw material for part 2 is fastened onto the fixture 2 and is available for
machining.

• p4: The machining of part 1 is in progress.

• p5: The machining of part 2 is in progress.

• p6: A finished product of type 1 and fixture 1 are ready for disassembly.

• p7: A finished product of type 2 and fixture 2 are ready for disassembly.

Transitionst3 and t4 correspond to the conclusion of machining tasks and are therefore
assumed to be uncontrollable, the remaining transitions are assumed to be controllable.
The lathe (L) is a shared resource as it is needed by each production process, and it cannot
be used simultaneously by both processes. In the absence of any supervision, it is clear that
this manufacturing process is not B-fair or G-fair, as we can repeatedly produceP1 without
producingP2 even once, or vice versa. This phenomenon of one part type “starving”
another can be avoided by a semaphore (cf. chapter 4, (Ben-Ari, 1982)). In figure 6(a),
we have the same production process with an additional semaphore scheme as suggested
by the additional placesp8 andp9. For the initialization shown in figure 6(a) it is not
hard to see that the difference in the number of firings between any two transitions in the
CtlPN is at most unity. More generally, the difference in the number of firings between
any two transitions in the CtlPN is at most the sum of the number of tokens inp8 andp9.
Clearly, the underlying PN of the CtlPN is B-fair and therefore G-fair also. The trivial
supervisory policy of enabling all transitions will be the minimally restrictive policy in
this example. Using this semaphore as a benchmark, we turn our attention to the CtlPN
in 5(a). Any supervisory policy that enforces fairness in the CtlPN of figure 5(a) should
effectively assume the functionality of the semaphore. For the sake of clarity, let us suppose
the supervisory policy does in fact mimic the semaphore, there being no bound on the sum
of the token loads of the placesp8 andp9 at initialization, we conclude there can be no
minimally restrictive supervisory policy that enforces B-fairness or G-fairness. We now
show these conclusions can be reached using the results derived in the previous section.

We first consider the CtlPN shown in figure 5(a). The coverability graph of the underlying
PN is shown in figure 5(b). The underlying PN is not G-fair asv0 → t1t3t5 → v0, and
Cx(t1t3t5) = 0. B-fairness implies G-fairness, therefore we conclude the PN is not B-fair
either. The PN obtained by deleting all controllable transitions will not have any enabled
transition and the conditions of theorem 3 is satisfied, therefore there exists a supervisory
policy that enforces B-fairness (G-fairness). Since the CtlPN shown in this figure is bounded,
we can use theorem 4 to investigate the existence of a minimally restrictive policy that
enforces B-fairness (G-fairness). The setṼ = {v0, v1, v2} is a member ofV(M), andv0

→ t1t3t5 → v0 (i.e. x(t1t3t5)j = 0, for j ∈ {2, 4, 6}), therefore, it follows there can be
no minimally restrictive supervisory policy that enforces B-fairness (G-fairness). This is in
agreement with our earlier discussion.

Now, let us consider the CtlPN shown in figure 6(a). The coverability graph of the
underlying PN is shown in figure 6(b). The eight fundamental-circuits in the coverability
graph are:
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1. v0 → t1t3t2t4t6t5 → v0.

2. v0 → t1t3t2t4t5t6 → v0.

3. v0 → t1t3t2t5t4t6 → v0.

4. v0 → t1t3t5t2t4t6 → v0.

5. v9 → t2t4t1t3t5t6 → v9.

6. v9 → t2t4t1t3t6t5 → v9.

7. v9 → t2t4t1t6t3t5 → v9.

8. v9 → t2t4t6t1t3t5 → v9.

Each of these loops satisfy the requirement of theorem 1, therefore the underlying PN is
B-fair, and consequently G-fair. Since each fundamental loop,v → σ → v satisfies the
requirementx(σ)> 0, it follows there exists a minimally restrictive supervisory policy that
enforces B-fairness (G-fairness). This confirms what was reasoned earlier.

6. Conclusions

Two transitions in a Petri net (PN) are said to be in abounded-fair relation(B-fair relation)
if there exists a positive integerk such that for all valid firing sequences starting from any
reachable marking, neither of them can fire more thank times without firing the other. A
firing sequenceσ is said to beglobally fair (G-fair) if and only if every transition appears
infinitely often inσ. A PN is said to be B-fair if and only if every pair of transitions in the
PN are in a B-fair relation. Likewise, a PN is said to be G-fair if and only if every valid
firing sequence starting from any reachable marking is G-fair. We consider controlled PNs
(CtlPNs) that are not B-fair (G-fair), and we presented a necessary and sufficient condition
for the existence of a supervisory policy that enforces B-fairness (G-fairness). For bounded
CtlPNs, we presented a necessary and sufficient condition for the existence of a minimally
restrictive policy that enforces B-fairness (G-fairness). We suggest investigations into
appropriate extensions of this condition to the unbounded case along with implementation
details as a future research topic.
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Notes

1. In this paper we restrict our attention toordinary PNs. This is implicitly assumed when we supposeΦ ⊆ (Π
× T ) ∪ (T × Π).

2. Note thatcard(C) = card(Tc) = q.
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