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Abstract— The paper studies decentralized modular
control of concurrent discrete event systems that are
composed of multiple interacting modules. A modular
supervisor consists of a set of local supervisor modules,
one for each plant module and which determines its
control actions based on the locally observed behaviors.
No communication among local supervisor modules occurs
in the setting of decentralized modular control. In this
paper we introduce the notion of separable-controllability,
a property strictly stronger than controllability and separa-
bility combined, as a condition for the existence of a decen-
tralized modular control, and present a way to verify this
property. We show that non-unique maximal separably-
controllable sublanguages and the unique minimal closed
and separably-controllable superlanguage of a specification
language exist. These serve as an upper bound (resp., the
lower bound) for a restrictive (resp., relaxive) decentralized
modular control. We present modular computations for
synthesizing a restrictive as well as a relaxive decentralized
modular control. When appropriate we also compare our
results with the existing ones.
Keywords: Discrete event systems, concurrent sys-
tems, modular control, decentralized control, separability,
separable-controllability

I. INTRODUCTION

A concurrent discrete event system (DES) consists
of multiple interacting modules that jointly perform a
task or computation. A specification of such a system
specifies properties that the traces of the global system
(formed by composing the individual components) must
satisfy. A monolithic control design requires the compu-
tation of the global plant and suffers from the so called
state-explosion problem since this computation grows
exponentially as the number of components in the plant
grow (this is formally established in [14], [4]). For this
reason modular control designs have been pursued in
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literature [18], [12], [2], [5], [11], [15], [16], [1], [3],
[17], [6], [7], [8], [9].

A modular controller is composed of modules, one
for each plant module, such that the computation of each
module of the controller relies only on the corresponding
local plant module (and the global specification). Such
modularization avoids the aforementioned state-space
explosion problem leading to an exponential reduction
in the space and time complexities of the control com-
putation. Depending on whether the controller modules
communicate among each other, a modular controller
can be classified as either decentralized or distributed.
(The former requires no communication, whereas the
latter requires communication and can be more permis-
sive at the expense of communication.) The approaches
presented in [18], [12], [2], [5], [11], [1], [15], [16],
[6], [7] are instances of decentralized modular control,
whereas those in [3], [17], [8], [9] are instances of
distributed modular control.

Most prior work on modular control, with the excep-
tion of [5], [15], [16], provide sufficient conditions under
which a modular control is equivalent to a minimally
restrictive monolithic control. [5] provided an existence
condition based on a fixed-point type characterization.
The work in [16] is for a special class of concurrent
systems in which all modules are similar. Only the
existence result was presented in that work as well. In
[15] all plant modules are taken to have an identical
event set.

The papers [12], [2], [18], [5], [11], [6], [7], [1] pro-
vide sufficient conditions under which a decentralized
modular control is equivalent to a maximally permissive
monolithic control. [12], [2] assumes the event sets of
the plant modules to be mutually disjoint. [18] assumes
that shared events are all controllable and that the spec-
ification language is separable. [5] assumes that shared
events have same control status and that the prefix-closed
controllable sub-language of the specification language
is separable. [11] also assumes that shared events have
the same control status and the specification is separable,
and additionally the “mutual controllability” condition
holds. [6], [7] extend the work of [11] to the setting
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of partial observation under the additional assumptions
such as: shared events have identical observation sta-
tus and the condition of “mutual-normality” holds. [1]
models the behavior of a concurrent system as ||iLi ∩
H , where Li is behavior of ith plant module and H
represents the “interaction language”, and assumes that
all shared events are controllable and H is controllable
with respect to global plant and global uncontrollable
events. Verifying this condition requires the computation
of the global plant.

The present paper studies the problem of decentral-
ized modular control of concurrent systems. In order to
gain foundational insight into the problem of decentral-
ized modular control of concurrent plants, we investigate
the following basic question: Given a concurrent plant
G = ‖iGi, where Gi is the ith plant module with
event set Σi and uncontrollable events Σui, find modular
controllers {Si}, where Si observes events in Σi and
controls events in Σi − Σui, such that the language
of the controlled system L(||i(Gi||Si)) equals a global
specification language K. We introduce the notion of
separable-controllability, a property strictly stronger than
controllability and separability combined, as a condition
for the existence of a decentralized modular control,
and present a way to verify this property. We show
that non-unique maximal separably-controllable sublan-
guages and the unique minimal closed and separably-
controllable superlanguage of a specification language
exist. These serve as an upper bound (resp., the lower
bound) for a restrictive (resp., relaxive) decentralized
modular control. We present modular computations for
synthesizing a restrictive as well as a relaxive decentral-
ized modular control.

II. NOTATIONS AND PRELIMINARIES

Given an event set Σ, Σ∗ denotes the set of all
event-traces over Σ, including the trace of zero-length
ε. A subset L ⊆ Σ∗ is called a language over Σ. A
trace u ∈ Σ∗ is a prefix of a trace v ∈ Σ∗ if for some
trace w ∈ Σ∗, v = uw. The prefix-closure of L ⊆ Σ∗,
denoted pr(L), is the set of all prefixes of traces in L.
L is called prefix-closed or simply closed if pr(L) = L.

A DES is modeled as an automaton G :=
(X, Σ, α, X0), where X is its set of states, Σ is its
set of events (or inputs), α : X × (Σ ∪ {ε}) → 2X

is its state transition function (a partial function), and
X0 ⊆ X is its set of initial states. The ε-closure of
x ∈ X , denoted as ε∗(x), is the set of states reached
by the execution of zero or more ε-transitions from the
state x. By using ε-closure map, we can extend the
definition of transition function from events to traces,
α : X×Σ∗ → 2X , which is defined inductively as: ∀x ∈

X,α(x, ε) := ε∗(x); ∀s ∈ Σ∗, σ ∈ Σ : α(x, sσ) :=
ε∗(α(α(x, s), σ)). Then the language generated by G is
defined by L(G) := {s ∈ Σ∗ | α(x0, s) 6= ∅}.

For the sake of control, the event set Σ is partitioned
into the set of controllable events Σc and the set of
uncontrollable events Σu. A supervisory controller or
simply a supervisor S for a plant G is an another
automaton that runs in parallel with G and at each
state of G disables a subset of the controllable events.
The requirement that a supervisor never disable an
uncontrollable event is guaranteed by requiring that
every uncontrollable event in Σu be defined at each
state of a supervisor, and this property is referred to
as Σu-compatibility. Given a nonempty prefix-closed
sublanguage K ⊆ L(G), there exists a Σu-compatible
supervisor S such that the controlled behavior equals
K if and only if K is (L(G), Σu)-controllable, i.e.,
pr(K)Σu ∩ L(G) ⊆ pr(K) [13], [10].

For the synthesis of a supervisor when K
is not (L(G),Σu)-controllable, one defines the
classes of closed and controllable sub-/super-
languages: PC(K) := {H = pr(H) ⊆ K |
H is (L(G),Σu)-controllable} and PC(K) := {H =
pr(H) ⊇ K | H is (L(G), Σu)-controllable}. It
is known that the class PC(K) possesses a unique
supremal element, denoted supPCL(G),Σu

(K), whereas
the class PC(K) possesses a unique infimal element,
denoted infPCL(G),Σu

(K).
A concurrent DES G is composed of several concur-

rently operating components {Gi = (Xi, Σi, αi, X0i)},
denoted G = ‖iGi = (

∏
i Xi =: X,∪iΣi =:

Σ, α,
∏

i X0i =: X0), where for each x =
(x1, . . . , xn) ∈ X, σ ∈ Σ, (x′1, . . . , x

′
n) ∈ α(x, σ) ⇔

[∀i : (σ ∈ Σi ⇒ x′i ∈ αi(xi, σ))∧(σ 6∈ Σi ⇒ x′i = xi)],
and α(x, ε) =

∏
i αi(xi, ε).

Given local event sets {Σi} of the modules of a
concurrent plant, Σ = ∪iΣi denotes the set of global
events, and Pi : Σ → Σi ∪ {ε} is used to denote the
natural projection from the global event set to the ith
local event set. Given {Li ⊆ Σ∗i }, the parallel product of
{Li}, denoted ||iLi, is defined as ||iLi = {t ∈ Σ∗ | ∀i :
Pi(t) ∈ Li} = ∩iP

−1
i (Li) ⊆ Σ∗. It can be verified that

for a concurrent plant G = ‖iGi, its generated language
is given by, L(‖iGi) = ‖iL(Gi).

A subset Σci ⊆ Σi denotes the events that are
available for control to a supervisor controlling the ith
plant module Gi, whereas the remaining local events
Σi − Σci =: Σui correspond to the locally uncon-
trollable events. Then the “globally controllable and
uncontrollable” event sets are given by Σc := ∪iΣci and
Σu := Σ − Σc, respectively. The goal of decentralized
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modular control is to design for each plant module
Gi a Σui-compatible supervisor Si that only observes
events in Σi so that the resulting controlled behavior
as determined by the language ||iL(Gi||Si) equals a
desired specification language.

The notion of separability was introduced in [18] as
a key property in the context of modular control.

Definition 1: Given event sets {Σi}, a language K ⊆
Σ∗ is {Σi}-separable if ∃{Ki ⊆ Σ∗i } such that K =
||iKi.
It is known from [18, Corollary 2.1] that a language
K ⊆ Σ∗ is {Σi}-separable if and only if K = ||i Pi(K).

III. DECENTRALIZED MODULAR CONTROL

In this section we introduce the notion of
separable-controllability as a necessary and sufficient
condition for the existence of a decentralized modular
control. This result provides basic insight into the class
of specification languages that can be achieved modu-
larly using a decentralized modular control.

Definition 2: Consider {Li ⊆ Σ∗i } and {Σui ⊆ Σi}.
A language K ⊆ Σ∗ is said to be {Li, Σi,Σui}-
separably-controllable if ∃{Ki ⊆ Σ∗i }, such that K =
||iKi and Ki is (Li,Σui)-controllable.

The notion of separable-controllability characterizes
the class of specification languages that are achievable
using a decentralized modular control as established by
the following theorem.

Theorem 1: Consider concurrent plant G = ||iGi,
where Gi is the ith plant module with event set Σi, un-
controllable events {Σui ⊆ Σi}, and a nonempty closed
language K ⊆ L(G). There exist {Σui-compatible
supervisor Si} such that ||iL(Gi||Si) = K if and only
if K is {L(Gi), Σi,Σui}-separably-controllable.
Proof: (⇒) Suppose ∃ {Σui-compatible Si} such that
||iL(Gi||Si) = K. Define Ki := L(Gi||Si), then K =
||iKi. Since L(Gi||Si) is a controlled-behavior under
a Σui-compatible supervisor Si, it is (L(Gi), Σui)-
controllable [10, Theorem 3.1], and so Ki = L(Gi‖Si)
is also (L(Gi), Σui)-controllable. By Definition 2, K is
{L(Gi), Σi,Σui}-separably-controllable.

(⇐) Suppose ∃ {(L(Gi), Σui)-controllable Ki} such
that K = ||iKi. Then for each i, exists Σui-compatible
Si such that L(Gi‖Si) = Ki [10, Theorem 3.1] (Si can
be chosen to be a generator of infPCΣ∗

i
,Σui(Ki) =

KiΣ∗ui). Thus, K = ||iL(Gi||Si).
Remark 1: It follows from the remark after Definition

1 and the proof of sufficiency of Theorem 1 that when a
nonempty closed specification K ⊆ L(G) is separably-
controllable, a decentralized modular control is given by
{Si : L(Si) = infPCΣ∗

i
,Σui(Pi(K))}.

A method for verifying the property of separable-
controllability can be obtained by comparing Theorem 1
and [5, Theorem 4], which can be specialized to the
setting of complete observability of local events to
obtain the following: ∃{Σui-compatible supervisor Si}
for G = ||iGi enforcing a nonempty closed specification
K ⊆ L(G) (i.e., ||iL(Gi||Si) = K) if and only if
K = ||iinfPCLi,Σui(Pi(K)). The following corollary
follows from Theorems 1 and [5, Theorem 4] and
provides a way to verify separable-controllability:

Corollary 1: Consider L = ||iLi, where
Li ⊆ Σ∗i , and {Σui ⊆ Σi}. K is {Li, Σi, Σui}-
separably-controllable if and only if K =
||iinfPCLi,Σui

(Pi(K)).
Remark 2: In comparison to the result of [5, Theorem

4], which provides a “fixed-point type” characterization
of decentralized modular control, the characterization
based on separable-controllability introduced in this pa-
per is a direct one, providing additional insight into the
nature of the problem that is better amenable to analysis
such as the synthesis of minimally restrictive/relaxive
decentralized modular control. Such problems were not
considered in [5].

Also note that to verify the property of separable-
controllability using Corollary 1, the language
‖iinfPCLi,Σui(Pi(K)) needs to be computed whose
complexity is O(

∏
i |Gi||R|) (where R is a generator

of K) and grows exponentially in the number of plant
modules. This however is the complexity of an off-line
computation and hence better manageable.

It should also be noted that the computation of a
decentralized modular control can proceed without nec-
essarily verifying the existence condition (see for exam-
ple the results given in the next section discussing the
synthesis of a decentralized modular control). Then one
would never encounter the above mentioned complexity
of order O(

∏
i |Gi||R|).

The following proposition shows that the prop-
erty of {L(Gi), Σi,Σui}-separable-controllability is
strictly stronger than the properties of (L(G), Σu)-
controllability and {Σi}-separability combined, shed-
ding further light into the notion of separable-
controllability. For space consideration, its proof is omit-
ted.

Proposition 1: If K ⊆ ||iLi is {Li, Σi, Σui}-
separably-controllable, then K is (L,Σu)-controllable
and {Σi}-separable. The converse need not hold in
general.

Note that Proposition 1 implies that whenever K can
be achieved by a decentralized modular control, it can
also be achieved by a centralized monolithic control. The
converse however does not always hold, as expected.
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Finally, the result of Theorem 1 and [5, Theorem
3] can be combined to obtain the following result:
Under the assumption that shared events have the same
control status, separable-controllability coincides with
controllability and separability combined. This is stated
as the following corollary:

Corollary 2: Consider K ⊆ L = ‖iLi, where {Li ⊆
Σ∗}, and {Σui ⊆ Σi} such that Σci∩Σuj = ∅ for all i, j.
Then K is {Li, Σi,Σui}-separably-controllable if and
only if K is (L,Σu)-controllable and {Σi}-separable.

IV. AN ILLUSTRATIVE EXAMPLE

Consider two transportation robots that deliver parts
between storage bins and workstations. Robot-A (resp.,
B) travels back and forth along the Rails 1 (resp., 2)
and 3 to transport parts between Bin-1 (resp., Bin-2)
and Workstations 1 and 2 (see Figure 1).

The traveling behaviors of the two robots can be
modeled by automata G1 and G2 shown in Figure 2.
The global behavior of the concurrent plant is given
by the parallel synchronization of the models of the
two robots. I.e., L = L(G1)||L(G2), where L(G1) =
pr(A1→3A3→1)∗ and L(G2) = pr(B2→3B3→2)∗ with
Σ1 = {A1→3, A3→1} and Σ2 = {B2→3, B3→2}. We
assume that all events are controllable, i.e., Σu1 =
Σu2 = ∅. Then Σu = ∅.

The control specifications for the two robots are:
• Robot-B shall pick up a part delivered by Robot-A

after it has been processed at Workstation-1.
• Since the rails are bidirectional and since Rail-3 is

shared by the two robots, the robots cannot be on
Rail-3 at the same time.

An automaton model for the specification is depicted
in Figure 3. I.e., K = pr(A1→3A3→1 B2→3B3→2)∗.

Fig. 1. Transportation Robots

It is easy to see that K is not {Σi}-separable. There-
fore, a decentralized modular control does not exist.
However, since all events are globally controllable, a
monolithic controller exists.

Suppose robots are augmented with detectors so that
each robot can observe when the other robot returns to

Fig. 2. Model G1 of Robot-A (left) and Model G2 of Robot-B (right)

Fig. 3. Specification for the Robots

the home rail. The corresponding models G′1 and G′2
of the augmented robots require adding self-loops on
event B3→2 at each state of G1 and on event A3→1 at
each state of G2, respectively. Although this changes
the local event sets, this does not change the overall
system model, i.e., ‖iGi = ‖iG

′
i. The new set of

the local events become Σ′1 = {A1→3, A3→1, B3→2}
and Σ′2 = {B2→3, B3→2, A3→1}, respectively. Since
the arrival of a robot at its home rail is not control-
lable in the second robot, we have Σ′u1 = {B3→2}
and Σ′u2 = {A3→1}. The specification is same as
before and is now {Σ′i}-separable, i.e., K = ||iKi,
where K1 = pr(B∗

3→2A1→3B
∗
3→2A3→1B3→2)∗ and

K2 = pr(A3→1B2→3A
∗
3→1B3→2A

∗
3→1)

∗. It is easy to
see that Ki is (Li,Σ′ui)-controllable for each i. Thus
K is {L(Gi), Σ′i, Σui}-separably-controllable, and so a
decentralized modular controller enforcing K exists. A
pair of local supervisors are depicted in Figure 4.

V. SYNTHESIS OF DECENTRALIZED MODULAR
CONTROL

When the given specification is not separably-
controllable, we ask the natural question of how to
synthesize a decentralized modular control.

Given a concurrent plant L = ‖iLi, with {Li ⊆ Σ∗i },
and local uncontrollable event sets {Σui ⊆ Σi}, we
introduce the following various classes of sub-/super-
languages of a specification language K:
S(K) = {H ⊆ K | H is {Σi}-separable},
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Fig. 4. Local supervisor for G′1 (left) and for G′2 (right)

PSC(K) = PC(K) ∩ S(K),
PS-C(K) = {H ⊆ K | H = pr(H),H is {Li, Σi,

Σui}-separably-controllable},
PS-C(K) = {H ⊇ K | H = pr(H),H is {Li, Σi,

Σui}-separably-controllable}.
Note by Proposition 1 we know that PS-C(K) ⊆

PSC(K). In the following we show while the class of
closed separably-controllable sub-languages PS-C(K)
is not closed under union, it is closed under union taken
over an increasing chain. As a result maximal separably-
controllable sub-languages exist. We also show that
the class of closed and separably-controllable super-
languages PS-C(K) is closed under intersection and
so the infimal closed and separably-controllable super-
language exists. For space consideration, their proofs are
omitted.

Theorem 2: Consider K ⊆ L = ||iLi with {Li ⊆
Σ∗i } and {Σui ⊆ Σi}.

1) PS-C(K) is not closed under union.
2) PS-C(K) is closed under union over increasing

chains.
3) PS-C(K) is closed under intersection.
The set of maximal elements of PS-C(K) is denoted

by MaxPS-C(K), whereas a corresponding maximal
element is denoted by maxPS-C(K). Similarly the infi-
mal element of PS-C(K) is denoted by infPS-C(K).

We know that supPCL,Σu(K) (resp.,
infPCL,Σu(K)) provides an upper bound (resp.,
a lower bound) to the behavior that can be achieved
using a restrictive (resp., relaxive) monolithic control.
According to Theorem 2 an element in MaxPS-C(K)
(resp., infPS-C(K)) serves as an upper bound (resp., a
lower bound) to the behavior that can be achieved using
a restrictive (resp., relaxive) decentralized modular
control. The following result presents necessary and
sufficient conditions under which the two bounds are
the same. For space consideration, its proof is omitted.

Theorem 3: Consider K ⊆ L = ||iLi, where {Li ⊆

Σ∗i }, and {Σui ⊆ Σi}.
1) For any maxPS-C(K) ∈ MaxPS-C(K),

maxPS-C(K) = supPCL,Σu
(K) if and only

if supPCL,Σu
(K) is {Li, Σi,Σui}-separably-

controllable.
2) infPS-C(K) = infPCL,Σu(K) if and only

if infPCL,Σu
(K) is {Li, Σi,Σui}-separably-

controllable.
The results of Theorems 1 and 3 can be combined to

obtain the following corollary:
Corollary 3: Consider concurrent plant G = ||iGi,

where Gi is the ith plant module with event set Σi,
uncontrollable events Σui ⊆ Σi, and a specification
K ⊆ L(G). There exist {Σui-compatible supervisor
Si} such that ||iL(Gi||Si) = supPCL(G),Σu

(K) (resp.,
infPCL,Σu(K)) if and only if supPCL(G),Σu

(K)
(resp., infPCL,Σu

(K)) is {L(Gi), Σi,Σui}-separably-
controllable.

Remark 3: As mentioned in the introduction, much of
the existing literature is devoted to developing sufficient
conditions under which a modular control is equiva-
lent to a minimally restrictive monolithic control. No
necessary and sufficient condition has been reported
yet. Corollary 3 provides a necessary and sufficient
condition for the first time. The result of Corollary 3
can also be viewed as an extension of the result [5,
Theorem 5], which states that if Σui ∩ Σcj = ∅, then
there ∃{Σui-compatible supervisor Si} for G = ||iGi

such that ||iL(Gi||Si) = supPCL,Σu(K) if and only if
supPCL,ΣuK is {Σi}-separable. Note that Corollary 3
does not require the assumption that Σui ∩ Σcj =
∅. However, it requires the condition of separable-
controllability as opposed to just separability, which is
a price to pay when the said assumption is relaxed.

We have established that an element in MaxPSC(K)
(resp. infPS-C(K)) is an upper bound (resp., a lower
bound) to what can be achieved via a restrictive (resp.,
relaxive) decentralized modular control. It is then of in-
terest to provide techniques for the modular computation
(in which the computation of the ith supervisor module
depends only on the ith plant module) of a decentralized
modular control respecting the above bounds. This is the
subject of our next result. For space consideration, its
proof is omitted.

Theorem 4: Consider K ⊆ L = ||iLi, where {Li ⊆
Σ∗i }, and {Σui ⊆ Σi}. The following holds.

1) ∀H ∈ S(K), ||isupPCLi,Σui(Pi(H)) ∈
PS-C(K), and

2) ||iinfPCLi,Σui(Pi(K)) ∈ PS-C(K).
Remark 4: According to Theorem 4, starting from

a separable sublanguage H ⊆ K, a restrictive decen-
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tralized modular control can be modularly computed.
The ith local supervisor is simply given by the gener-
ator of supPCLi,Σui(Pi(H)), the complexity of whose
computation is of order O(|Gi||R|) (where R is a gen-
erator of H). Thus a restrictive decentralized modular
control can be computed whose complexity is linear
in the number of the plant components. Analogously, a
relaxive decentralized modular control can be computed
such that the ith local supervisor is a generator of
infPCΣ∗

i
,Σui(Pi(K)), whose complexity is constant in

the number of plant modules.
Note in the first part of Theorem 4, it is not possible to

relax the requirement that H ∈ S(K) since otherwise
||isupPCLi,Σui(Pi(H)) may not be a sublanguage of
K. To see this, consider the following example: Σ1 =
Σc1 = {a}, Σ2 = Σc2 = {b}, L1 = pr(a), L2 = pr(b),
and K = pr(a + b). Then K 6∈ S(K). Also we have
||isupPCLi,Σui

(Pi(K)) = pr(a)||pr(b) = pr(ab +
ba) ⊃ K.

It follows as a special case of Theorem 4 that when
K itself is separable, we can have the following result:

Corollary 4: Consider L = ||iLi, where Li ⊆ Σ∗i ,
and {Σui ⊆ Σi}. If K ⊆ L is {Σi}-separable, then
||isupPCLi,Σui(Pi(K)) ∈ PS-C(K).

VI. CONCLUSION

Much attention has been given to the problem of
modular control of concurrent plants as this provides a
means to cope with the associated state-space explosion
problem. In the paper we noted the distinction between
the decentralized versus distributed modular control
(both kinds of modular control have been studied in
literature, yet the distinction is not clarified although
there exists a trade-off between their capabilities and
complexities).

We focused on the problem of decentralized modular
control and addressed the basic question of its existence
for a given concurrent plant and a specification. The no-
tion of separable-controllability, that is strictly stronger
than both the controllability and separability combined,
is introduced as an existence condition. A method
to verify this property is also presented. We showed
that non-unique maximal separably-controllable sublan-
guages and the unique minimal closed and separably-
controllable superlanguage of a specification language
exist. These serve as an upper bound (resp., the lower
bound) for a restrictive (resp., relaxive) decentralized
modular control respectively. We present modular com-
putations (in which the computation of the ith supervisor
module relies only on the ith plant module) for synthe-
sizing a restrictive as well as a relaxive decentralized
modular control. Future work will examine modular

computations of minimally restrictive/relaxive decentral-
ized modular controls.
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