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Abstract-The existence of a supervisory policy that enforces 
liveness in partially controlled Petri nets (PNs) is undecidable 
in general (cf. theorem 5.3 and corollary 5.2, [9]). However, 
there can be families of partially controlled PNs for which 
the existence of a supervisory policy that enforces liveness can 
be tested and synthesized. In this paper we present choice- 
controlled PNs as an example of such a family, 

Also, there can be specific examples of partially controlled 
PNs that be made live by supervision. Typically, this is shown 
by producing a supervisory policy that enforces liveness in 
the example at hand. There can be no generalization of this 
approach in light of theorem 5.3 and corollary 5.2 in reference 
191. However, for partially controlled Free-Choice PNs, there is a 
necessary and sufficient characterization of supervisory policies 
that enforce liveness. In specific, the necessary and suMicient 
condition for the existence of a supervisory policy that enforces 
liveness in a fully controlled Free-Choice Petri Net (FCPN) in 
reference [SI also holds for partially controlled FCPNs. This 
condition can be used to verify that a given supervisory policy 
does enforce liveness in a specific partially controlled FCPN. 

I. INTRODUCTION 
A large class of systems can be modeled-as systems with 

independent, interacting, concurrent components. Typically, 
each independent process is split into several operations; the 
execution of each operation is conditioned on the satisfaction 
of a set of logical preconditions. Upon the execution of any 
such operation, a new set of logical conditions is created 
that inhibit the execution of some operations and enables the 
execution of others in the system. The supervisory control 
of such systems requires an external agent to regulate, or 
limit, the operations of each component so as to guarantee a 
common objective. In this paper we concern ourselves with a 
stronger version of deadlock avoidance called liveness. From 
any reachable state of a live system, it should be possible 
for any of the components to execute any of its operations, 
although not necessarily immediately. 

Petri ners (PNs) [6], [7] are an ideal choice of the modeling 
of such systems as they allow easy representation of the 
logical preconditions as the marking, and the operations can 
be represented as transitions. A PN is said to be live, if from 
any reachable marking it is possible to fire any transition, 
although not necessarily immediately. A Free-Choice Petri 
net (FCPN) is a restricted class of Petri nets (PNs) where 
every arc from a place to a transition is either the unique 
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output arc from that place, or, it is the unique input arc 
to the transition. FCPNs can model the flow of objects in 
production systems [l]. 

In this paper we consider partially controlled PNs where 
the external agent, the supervisor, can prevent only some (i.e. 
not all) transitions from firing. We concern ourselves with the 
synthesis of supervisory policies that use the marking of the 
PN to decide transitions that should be prevented from firing. 
In general, it is not possible to decide if a given partially 
controlled PN can be made live via supervision (cf. theorem 
5.3 and corollary 5.2, [9]). In this paper we are interested 
in identifying families of partially controlled PNs can be be 
made live via supervision. We identify the family of choice- 
controlled PNs (and a refinement to this family), and we show 
that it is possible to decide if any (refined) choice-controlled 
PN can be made live via supervision. In case the choice- 
controlled PN can be made live, we present the minimally 
restrictive policy that enforces liveness. 

In some cases we might be interested in showing that a 
specific instance of a partially controlled PN can be made 
live by supervision. Usually, this is done by showing that a 
particular supervisory policy enforces liveness in a specific 
instance. We consider this problem for partially controlled 
FCPNs, and we present a necessary and sufficient condition 
that characterizes supervisory policies that enforce liveness. 
This condition is useful in establishing the fact that a certain 
supervisory policy enforces liveness in a partially controlled 
FCPN. 

Section I1 contains the notations and definitions used in 
this paper. The main results are presented in section IV after 
a review of the relevant results in the literature in section m. 
The paper concludes with section V, where the main results 
of the paper are presented in precis. 

11. NOTATIONS AND DEFINITIONS 

A Petri net (PN) N = (II,T,@,mo) is an ordered 4- 
tuple, where II = {PI,. . . ,pn} is a set of n places, T = 
{t l ,  . . . , tm)  is a collection of m transitions, Q, C (II x 
T )  U (T x II) is a set of arcs, mo : II --+ JV is the initial 
marking function (or the initial marking), and Af is the set 
of non-negative integers. The state of a PN is given by the 
marking m : I'I 4 Af which indicates the distribution of 
tokens in each place. For a given marking m, a transition 
t E T is said to be enabled if Vp E* t , m ( p )  2 1, where 
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'Z := {y I ( 9 , ~ )  E a}. For a given marking m the set of 
enabled transitions is denoted by the symbol Te(N, m). An 
enabled transition t E Te(N,  m) can fire, which changes the 
marking m to i?i according to the equation 

reachable marking. The supervisory policy P permits the 
firing of transition t ,  at marking m, only if P(m) i  = 1. 
If at a marking m all input places to a transition t ,  contain 
a token, we say the transition t, is state-enabled at m. If 
P(m)i  = 1, we say the transition ti is control-enabled at 
m. A transition has to be state-enabled and control-enabled G ( p )  = m(p) - card(p' n { t ) )  + card('p n { t} ) ,  

where Z* := {y I (Z,y) E (a} and the symbol card(.) is 
used to denote the cardinality of the set argument. 

II is said to be a siphon (trap) 
if ' P  C P' LP' C' P). A tra2 (sipho_n) P,, is said to be 
minimal if BP C P,  such that P' C' P ('P C P O ) .  

A string of transitions w = t l t 2 .  . . t k ,  where t ,  E T (i E 
{1,2,. . . , IC}) is said to be a valid firing sequence starting 
from the marking m, if, 

1) the transition t l  is enabled under the marking m, and 
2) for i E {1,2,. . . , k - 1) the firing of the transition t ,  

produces a marking under which the transition t,+l is 
enabled. 

If ml from the firing of E T* from the 
initial marking m ~ ,  we represent it symbolically as m~ --+ 

w -+ m'. Given an initial marking mo the set of reachable 
markings for m0 denoted by 3(Nl mo), is defined as the set 
of markings generated by all valid firing sequences starting 
with marking mo in the PN N .  

A transition E is a PN = (TI, T,  a, is live, if A supervisory policy P enforces liveness if all transitions in 
N are live under P .  

VmZ E R(h ,  m'), 3m3 E R(N, m2), such that t E Te(N,  m3). Given two supervisory policies PI and P2 that enforce 
liveness in N ,  we say PI is less restrictive than PZ if, Vm E 
3 ( N , m o , P l )  n 3(N,mo,P2),  (i) R ( m )  2 P2(m), corn- A PN N is live if all its transitions are live. If transitions 

represent events that can be executed in a system, a live PN ponentwise, and (ii) 3i E {1, 2, . . . , m) such that p ,  (m), , 
have been executed in the past, it is possible to execute all said to be minimally restrictive, if there does not exist a 
events in the future, although not necessarily immediately. supervisory policy that is less restrictive than p .  In this 

is a Free-Choice PN (FCPN) if paper we consider the existence and synthesis of supervisory 

before it Can fire. The fact that uncontrollable transitions 
cannot be prevented from firing by the supervisoq policy 
is captured by the requirement that Vm E N", P ( m ) ,  = 1, 

if t ,  E Tu. A string of transitions 0 = t,,t,, . . .t,,, where 
t,* E T( i  E {1,2,. . . , k } )  is said to be a vulidjring string 
starting from the marking m, if, 

1) the transition t,, is enabled at the marking m, 

2) for i E (11 2i. . ., k - 1) the firing of the transition t ~ z  
is 

The set of reachable markings under the supervision of P in 
N from the initial marking m0 is denoted by R(N,  mO, P ) .  
A transition t,, is live under the supervision of P if 

vm E R(N, ,o, 3fi E 3(N, m, such that 

t,% E Te(I%) and P(I%)lt = 1. 

A collection of places P 

P(m),l  = 1, and 

produces a marking iii at which the transition 
enabled and P(I%),%+~ = 1. 

represents a where independent Of the events that P2(m), .  A supervisory policy p that enforces liveness is 

A PN = (', T7 

v p  E rI,card(p') > 1 ** @') = {p}.  

In other words, a PN is Free-Choice if and only if an arc 
from a place to a transition is either the unique output arc 
from that place, or, is the unique input arc to the transition. 
Commoner's Liveness Theorem (cf. [ 11, chapter 4, [7]) states 
an FCPN N is live if and only if every minimal siphon in 
N contains a minimal trap that has a non-empty token load. 

We assume a subset of transitions, called controllable 
transitions, T, C T can be prevented from firing by an 
external agent called the supervisor. The set of uncontrollable 
transitions, denoted by Tu C T ,  is given by Tu = T - T,. If 
T, = T ,  then we say we have afully-controlled PN, other- 
wise we have a partially controlled PN. The fully-controlled 
equivalent of a partially controlled PN N = (II, T,  a, m'), 
is a PN where T, = T. That is, a full-controlled equivalent of 
a partially controlled PN essentially assumes all transitions 
are controllable. 

A supervisory policy P : N" --f {O,l}m, is a total 
map that returns an m-dimensional binary vector for each 

_ _  
policies that enforce liveness in partially controlled PNs in 
general, and partially controlled FCPNs in particular. 

111. REVIEW OF PREVIOUS RESULTS 

Reference [9] contains a necessary and sufficient condi- 
tion for the existence of a supervisory policy that enforces 
liveness in an arbitrary PN. This condition is undecidable in 
general, but if all the transitions in a PN are controllable, or, 
if the PN is bounded the above mentioned test is decidable. 
Furthermore, it is possible to synthesize a least-restrictive 
policy that enforces liveness for these special cases (cf. figure 
10, 191). The computational cost of testing the existence, and 
synthesizing the least restrictive policy that enforces liveness 
can be prohibitive in general. Reference [8] contains an in- 
terpretation of Commoner's Liveness Theorem in the context 
of supervisory policies that enforce liveness in completely 
controlled FCPNs. 

Theorem 4.1 in reference [ 111 states that if there is a super- 
visory policy that enforces liveness in a partially controlled 
FCPN N = (Il l  T,  a, m'), then there is a supervisory policy 
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that enforces liveness in the FCPN fi = (II7T,@,i5io), 
where 6' 2 mo. This means the set of initial markings for 
which there is a policy that enforces liveness is right-closed. 
Every right-closed set can be represented by a finite-set of 
minimal elements, and reference [lo] presents a minimally 
restrictive supervisory policy that enforces liveness in a 
partially controlled FCPN, provided the minimal elements of 
the above mentioned right-closed set are readily available, 
and the initial marking is greater than or equal to some 
minimal element. The issue of deciding if the right-closed 
set is non-empty for an arbitrary, partially controlled FCPN 
is still open to our knowledge. That is, given an arbitrary 
partially controllable FCPN, we cannot tell if there is a 
supervisory policy that enforces liveness. 

Reference [3] concerns the issue of enforcing liveness in 
a subset of transitions using supervisory control that uses 
the linear-algebraic approach in reference 141. The procedure 
presented in this reference is not guaranteed to halt in all 
instances, but when it does halt, it presents a supervisory 
policy that enforces liveness in the original PN. In a sense, 
one could say that the procedure for liveness enforcement in 
this reference implicitly identifies a class of PNs for which 
there is a supervisory policy that enforces liveness. Refeience 
[5] identifies the class of S2PGR2-nets as a family of 
PNs that can be made live via under supervision under 
appropriate conditions. Reference [2] presents a monitor- 
based supervisory control procedure that enforces liveness 
in bounded PNs under appropriate conditions. In the sprit of 
theses references, the present paper also identifies a family 
of PNs that can be made live via supervision. 

IV. MAIN RESULTS 

Observation 4.1 notes that there is a minimally restrictive 
supervisory policy that enforces liveness in a partially con- 
trolled PN if and only if there is a supervisory policy that 
enforces liveness in the PN. 

Observation 4.1: (theorem 6.1, [9]) There is a minimally 
restrictive supervisory policy that enforces liveness in a 
partially controlled PN N if and only if there is a policy 
that enforces liveness in N .  
Observation 4.2 notes that a minimally restrictive supervisory 
policy that enforces liveness in a completely controlled 
PN N = ( l l ,T ,@,mo)  does not disable a select set of 
transitions. 

Observation 4.2: A minimally restrictive supervisory pol- 
icy P : n/" -+ (0 ,  l}m that enforces liveness in a fully 
controlled PN N = ( l l ,T ,@,mo)  will never disable any 
transitions t E T, such that ('t)' = {t}. 

Pro08 From theorem 5.1 of reference [9]. we know that 
if the minimally restrictive supervisory policy prevents the 
firing of a transition t E T at marking m l ,  and if m1 + t + 

m2,  then at the marking m2 there cannot be w1, w2 E T* 
such that (i) m2 -+ w1 + m3 + w2 + m4, (ii) m4 2 m3, 
and (iii) all transitions in T appear at least once in w2. 
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Consider any firing string w4 E T* that is valid under the 
supervision of P at ml. We infer that 3w5 f pr(w4), 3FE T ,  
such that m1 + w5 -+ m5, m2 + 4, -+ m6, w5TE pr(w4) 
but $! T,(N, m6), where p r ( 0 )  denotes the preJfix-set of 
the string argument. This would then imply that ' t  nD t # 0 
(if ? # t), or, {t,Q C_ ('t)'. This is because if no such 
t # t exists, then all firing strings that are valid at m1 are 
also valid at m2, and the minimally restrictive supervisory 
policy should have permitted the firing of t at ml. Hence 
the observation. 

While the existence of a supervisory policy that enforces 
liveness in an arbitrary, partially controlled PN is undecidable 
[9], there are families of PNs for which it is possible to 
decide if there is a supervisory policy that enforces liveness. 
We now present one such family of PNs, called choice- 
controlled PNs. A PN N = (l l ,T,@,m') is said to be 
choice-controlled if V p  E ll ,card(p') > 1 + p' G T,. 
We now present one of the main results of the paper. 

~ Theorem 4.3: The existence of a supervisory policy that 
enforces liveness in a choice-controlled PN is decidable. 

There is a supervisory policy that enforces 
liveness in a choice-controlled PN if and only if there is 
a similar policy for the fully-controlled version of the same 
PN. 

The "only i f '  part of the claim follows directly from the 
the fact that any supervisory policy that enforces liveness in 
the choice-controlled PN also enforces liveness in the fully- 
controlled version of the same PN. 

For the "if' part, we note that the minimally restrictive 
supervisory policy P that enforces liveness in the fully- 
controlled version, also enforces liveness in the original, 
choice-controlled PN. This is established by noting that a 
firing string is valid under the supervision of P in the 
fully-controlled version, if and only if it is valid under 
the supervision of P in the partially controlled PN. This 
is established by an induction argument on the length of 
the firing string that uses the fact that any control-disabled 
transition in the fully-controlled version of the PN is a 
controllable transition in the original, choice-controlled PN. 

Since the existence of a supervisory policy that enforces 
liveness in fully controlled PNs is decidable [9], the result 
follows. 0 

Figure 10 of reference [9] presents a procedure for the 
synthesis of a minimally restrictive supervisory policy that 
enforces liveness in a fully controlled PN. If there is a su- 
pervisory policy that enforces liveness in a choice-controlled 
PN, the minimally restrictive supervisory policy for its fully- 
controlled equivalent is also a minimally restrictive policy 
for the choice-controlled PN. 

The requirement of choice-controlled PNs: Vp E 
ll, card(p') > 1 + p' 2 T,, can be relaxed. For instance, if 
p E ll in a PN N = (ll, T, @, m'), such that card(p') > 1 

A 
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and 

V m l  E R(N,mo), ( m ' ( p )  2 1) * (curd(T,(m',N)np')  I 

[ 81 contains the following characterization of supervisory 
olicies that enforce liveness in a completely controlled 

(1) 
then we can relax the requirement that p' C T,. The proof of 
observation 4.2, with appropriate changes, serves as a proof 
that a minimally restrictive supervisory policy that enforces 
liveness in N will not disable any output transition of p .  It 
should be noted that the requirement in equation 1 can be 
tested in finite-time using the coverability graph (cf. page 
930, [9]> of N .  Using a proof similar to that of theorem 
4.3, it can be shown that the existence of a supervisory 
policy for this relaxed family of choice-controlled PNs is 
also decidable. 

The above result can be used to show that the fully 
uncontrollable PN shown in figure 1 is live. In graphical 
representations of controllable PNs a controllable (uncontrol- 
lable) transition is represented by a filled (unfilled) box. The 
PN shown in figure 1 contains no controllable transitions. We 
first note that card@:) = card(p;) = 2, and card($) = 
1,Vpi E II - { p l , p 7 } .  Also, from the structure of the PN 
we know that the condition in equation 1 is holds for p l  
and p7. So, from applying theorem 4.3 to the relaxed family 
defined above, we know that there is a supervisory policy 
that enforces liveness in this fully uncontrolled PN if and 
only there is a supervisory policy that enforces liveness in 
the fully-controlled equivalent. Since 

1 '  
4 
1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 

2 '  
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 

from theorem 5.1 of reference [9] we infer there is a su- 
pervisory policy that enforces liveness in the fully-controlled 
version of the PN shown in figure 1. From the adaptation 
of theorem 4.3 to the relaxed family of choice-controlled 
PNs, we infer that there is a supervisory policy that enforces 
liveness in the PN shown in figure 1. But since all transitions 
in this PN are uncontrollable, and we h o w  that there is a 
supervisory policy that enforces liveness, we conclude that 
the PN shown in this figure is live. 

We now turn our attention to a necessary and sufficient 
condition for the existence of a supervisory policy that 
enforces liveness in partially controlled FCPNs. If M ( m ,  t i )  

denotes the collection of markings reachable from m under 
the supervision of P ,  where ti is state-enabled, reference 

Theorem 4.4: [SI A supervisory policy P : N" -, 
{0,1}", enforces liveness in an FCPN N = (I l ,T,@,mo) 
if and only if the following conditions are satisfied: 

1) Vm E %(N,  mO, P), Vtz  E T,  M ( m ,  t Z )  # 0 3 31% E 

2) Vm E R ( N , m o , P ) , V P  C II, such that ' P  C 

The proof of the above result in reference [SI holds, 
mutatis mutandis, for partially controlled FCPNs. We re- 
frain from presenting the proof again in the interest of 
space. Condition 1 in the above theorem requires that the 
supervisory policy P disables a controllable transition t ,  at 
a marking m E ! R ( N , m o , P )  only if there is a marking 
ii;l E %(N, m, P) where the t ,  is state- and control-enabled. 
Condition 2 requires that the supervisory policy prevents 
the emptying of siphons. Figure 1 in reference [SI presents 
examples of fully controlled FCPNs that illustrate the need 
for the simultaneous satisfaction of .the two conditions. These 
examples are also relevant to the case when the FCPN is 
partially controllable. 

Theorem 4.4 can be used to show that specific examples of 
partially controlled FCPNs can be made live via supervision. 
For instance, consider the partially controlled FCPN shown 
in figure 2. The (controllable) uncontrollable transitions are 
represented by (filled) unfilled boxes (i.e. T, = { t l } ,  Tu = 
{ t z ,  t 3 ,  t 4 ,  t 5 ,  t6 ,  t 7 ) ) .  Theorem 4.4 can be used to show that 
the supervisory policy that pennits the firing of t l  when the 
there are two or more tokens in p l  enforces liveness. The 
FCPN shown in figure 2 has two minimal siphons PI = 

this FCPN. Since p l  is present in both siphons, it follows 
that the supervisory policy does not permit the emptying of 
siphons. Also, if the supervisory policy prevents the firing 
of t l  there must be only one token in p l .  The firing of the 
string t2t4t5t7 at this marking will result in a new marking 
where t l  is both state- and control-enabled. From theorem 
4.4 we can conclude that the policy enforce liveness in the 
partially controlled FCPN shown in figure 2 (which is not 
choice-controllable). 

M ( m , t , ) ,  such that P(&), = 1. 

P', E,,, m ( p )  # 0. 

(P l ,P2 ,p4}  and p2 = { p l , P 2 , p 3 , p 5 } .  There are no traps in 

V. CONCLUSIONS 

It is not possible to test the existence of a supervisory pol- 
icy that enforces liveness in an arbitrary, partially controlled 
PN (cf. theorem 5.3 and corollary 5.2, [9]). So, in this paper 
we are after families of partially controlled Petri nets (PNs) 
for which we can decide if there is a supervisory policy 
that enforces liveness. We identified the family of choice- 
controlled PNs as one such family of partially controlled 
PNs. We then relaxed the requirements of choice-controlled 
PNs to obtain a relaxed family of choice-controlled PNs for 
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which it is possible to decide if a member of this class can 
be made live by supervision. 

Finally, we turn to the problem of testing if a specific 
instance of a partially controlled PN can be made live by 
supervision. Restricting attention to the class of partially 
controlled Free-Choice PNs (FCPNs), we derive a necessary 
and sufficient condition for supervisory policies that enforce 
liveness. This condition finds use in situations where we are 
required to show that a specific supervisory policy enforces 
liveness in a partially controlled FCPN. 

I I 

Fig. 1. 
of choice-controlled PNs. 

A partially-controlled PN that is a member of the relaxed family 

Fig. 2. A partially-controlled FCPN. 
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