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d) Our computational study on the effect of density suggests that
spending reasonable effort to transform a given matrix to the
sparsest possible form may have a large effect on reducing the
runtime of the algorithms used for finding the degree of redun-
dancy. This is a valuable direction for future research.
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On Deciding the Existence of a Liveness Enforcing
Supervisory Policy in a Class of Partially Controlled
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Abstract—If there are transitions in a Petri net (PN) that cannot be pre-
vented from firing by a supervisory policy, then we have a partially con-
trolled PN. The existence of a liveness enforcing supervisory policy (LESP) in
a partially controlled ordinary PN is undecidable. Consequently, there can
be no algorithms that synthesize an LESP for an arbitrary ordinary (gen-
eral) PN. In contrast, we identify a class of general free-choice PN (FCPN)
structures, which strictly includes the class of ordinary FCPN structures,
where the existence of an LESP in any marked member of the class is
decidable.

Note to Practitioners—Every computer user has encountered situations
where an unresponsive program enters into a state of suspended animation
for perpetuity. A scheduling policy that can guarantee livelock-freedom is
highly desirable in this, and other instances of concurrent systems. The re-
sults of this paper show that if the concurrent system is modeled as a Petri
net that belongs to the class identified in this paper, then it is possible to
determine if there is a policy that avoids livelocks, which paves the way for
algorithm-development for livelock-avoidance.

Index Terms—Petri nets (PNs), supervisory control.

I. INTRODUCTION

A Petri net (PN) where are all arc weights are unitary is an ordinary
PN, and a PN without restrictions on the arc weights is a general PN
(see [1, Sec. 5.3]). A PN is a free-choice Petri net (FCPN) if each arc
from a place to a transition is either the unique output arc of the place or
is the unique input arc to the transition. Applications of FCPNs include
the modeling of product-flow in manufacturing environments [2] and
flow of control in processor networks [3].
A PN is live if, irrespective of the past transition firings, every tran-

sition in the PN can fire at some point in the future. A system modeled
by a live PN does not experience livelocks. A PN model that is not live
can be made live with the help of a supervisory policy that prevents
the firing of a select group of transitions at each marking. This paper
is about liveness enforcing supervisory policies (LESPs) for general
FCPNs.
We identify a class of general FCPN structures where, for any

member in , the set of initial markings for which there is an LESP
is right-closed [4]. If a marking is present in a right-closed set, then
all markings that are larger than it are also present in the set. The class
strictly includes ordinary FCPN structures. As a consequence of the

results in [5], it follows that the existence of a supervisory policy that
enforces liveness in the class is decidable.
Eachmember of is identified by the following property—if a place

has multiple output transitions, at least one of which is uncontrollable,
then the weight associated with the arc that originates from the place
to an uncontrollable transition, must be the smallest of all outgoing arc
weights from the place, that is, if any output transition of this place is
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permitted to fire at a marking, then every uncontrollable output transi-
tion of this place is also permitted to fire at the marking.
Section II presents the notations, definitions, and results in the lit-

erature that are relevant to the present paper. Section III contains the
main result of the paper, where we show that, if there is an LESP for a
PN where , then there is an LESP for , where

. This result, along with those in [5], implies that: 1) the
existence of an LESP for where is decidable and 2) if
there is an LESP for , then the minimally restrictive LESP (cf.
Section II for a formal definition) is characterized by a right-closed set
of markings. We conclude with some suggested directions for future
research in Section IV.

II. NOTATIONS AND DEFINITIONS AND SOME PRELIMINARY
OBSERVATIONS

We use to denote the set of non-negative (positive)
integers. The term denotes the cardinality of the set argument.
A Petri net structure is an ordered 4-tuple, where

is a set of places, is a
collection of transitions, is a set of arcs,
and is the weight associated with each arc. The initial
marking function (or the initial marking) of a PN structure is a
function , which identifies the number of tokens in each
place. We will use the term Petri net (PN) and the symbol to
denote a PN structure N along with its initial marking .
A marking is sometimes represented by an integer-

valued vector , where the -th component represents the
token load of the -th place. The weight of an arc is repre-
sented by an integer that is placed along side the arc. For brevity, we
refrain from denoting the weight of those arcs where .
For a string of transitions , we use to denote the Parikh

vector of that is, the th entry corresponds to the number of
occurrences of transition in .
We define the sets and
. A transition is said to be enabled at a marking if

. The set of enabled transitions at marking
is denoted by the symbol . An enabled transition

can fire, which changes the marking to according
to .
A set of markings is said to be right-closed [4] if

. The set contains a
finite set of minimal-elements, .
A PN structure is free-choice (FC) if

, where denotes the
cardinality of the set argument. A PN where is FC, is a
free-choice Petri net (FCPN).

A. Supervisory Control of PNs

The paradigm of supervisory control of PNs assumes a subset of con-
trollable transitions, denoted by , which can be prevented from
firing by an external agent called the supervisor. The set of uncontrol-
lable transitions, denoted by , is given by . The
controllable (uncontrollable) transitions are represented as filled (un-
filled) boxes in graphical representation of PNs.
A supervisory policy is a function that

returns a 0 or 1 for each transition and each reachable marking. The
supervisory policy permits the firing of transition at marking ,
only if . If for some marking ,
we say the transition is state-enabled at . If , we
say the transition is control-enabled at . A transition has to be
state- and control-enabled before it can fire. The fact that uncontrollable
transitions cannot be prevented from firing by the supervisory policy

is captured by the requirement that , if
. This is implicitly assumed of any supervisory policy in this

paper.
A string of transitions , where

is said to be a valid firing string starting from the
marking , if: 1) and 2) for

the firing of the transition produces a marking
and and .

The set of reachable markings under the supervision of in from
the initial marking is denoted by . If results
from the firing of starting from the initial marking , we
represent it symbolically as .
A transition is live under the supervision of if

such that and
.

A policy is a liveness enforcing supervisory policy (LESP) for
if all transitions in are live under . The policy is

said to be minimally restrictive if for every LESP
for , the following condition holds

. If there is an LESP for some , then
there is an unique minimally restrictive LESP for PN [6, the-
orem 6.1]. The existence of an LESP for an arbitrary PN is undecidable
[6] and is decidable if all transitions in the PN are controllable [6] or if
we restricted attention to ordinary FCPNs, where .
The process of deciding the existence of an LESP in an arbitrary ordi-
nary FCPN is NP-hard [5].

B. Review of Relevant Prior Work

Giua [7] introduced monitors into supervisory control of PNs. Mon-
itors are external places added to an existing PN structure whose token
load at any instant indicates the amount of a particular resource that is
available for consumption. Moody and Antsaklis [8] used monitors to
enforce liveness in certain classes of PNs; this work was extended by
Iordache and Antsaklis [9] to include a sufficient condition for the ex-
istence of policies that enforce liveness in a class of PNs called asym-
metric choice Petri nets. Reveliotis et al. used the theory of regions
to identify policies that enforce liveness in Resource Allocation Sys-
tems [10]. Ghaffari et al. [11] also used the theory of regions to obtain
a minimally restrictive supervisory policy that enforces liveness for a
class of PNs. Liu et al. [12] characterized the set of live initial mark-
ings of a class of general PN structures known as , which was
used to construct monitors that enforce liveness in a class of .
Marchetti and Munier-Kordon [13] presented a sufficient condition for
liveness that can be tested in polynomial time, for a class of general PNs
known as unitary weighted event graphs. Basile et al. [14] presented
sufficient conditions for minimally-restrictive, closed-loop liveness of
a class of marked graph PNs supervised by monitors that enforce gen-
eralized mutual exclusion constraints (GMECs).
We present the main result of this paper in the next section. This

result, along with the results in [5], implies that the existence of an
LESP for a PN , where is decidable. Additionally,
when an LESP exists, the minimally restrictive LESP is characterized
by a right-closed set of markings.

III. MAIN RESULTS

A general PN structure is said to belong to the class
if: 1) is an FCPN structure and 2)

,
that is, is a collection of general FCPNs such that, if a place in a
member of has multiple output transitions and at least one of them
is uncontrollable, then the weights associated with every arc from the
place at hand to any uncontrollable transition must be equal to the
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smallest weight among all arcs originating from the place. For a super-
visory policy ,

.
For an arbitrary PN structure , we define the set

of initial markings for which there is a LESP for as

(1)

if and only if there is an LESP
for . A positive test for , along with a pos-

itive test for , implies the decidability of ,
which in turn implies the decidability of the existence of an LESP for

.
From the definition of , it follows that the firing of an uncon-

trollable transition at anymarking in will result in a newmarking
that is also in . Additionally, theminimally restrictive LESPmust
disable the firing of a controllable transition if and only if its firing at
a marking in can result in a new marking that is not in .
Therefore, the minimally restrictive LESP is characterized by the set

.
The right-closure of is useful for deciding membership in

for certain classes of PN structures. For instance, is right-
closed if is a general PN structure that has no uncontrollable tran-
sitions. Additionally, is right-closed if is an ordinary FCPN
structure with uncontrollable transitions. This observation eventually
leads to the conclusion that the existence of an LESP in an arbitrary
ordinary FCPN is decidable [5]. Unfortunately, this right-closure prop-
erty does not hold for the class of general FCPN structures [15]. We
now show that is right-closed for .
The following result, which parallels [5, lemma 5.1], notes that, if

and if a few extra uncontrollable transitions were to fire in
compared with , where , then it is always

possible to extend the firing strings in and in such
a way the Parikh vectors of the extended firing strings are identical,
provided there is an LESP for .
Lemma 3.1: Let be an LESP for a gen-

eral FCPN , where , , and
. Suppose under the supervision of in ,

and in the absence of any supervision in for some
. Further, let us suppose that the number of occurrences

of each controllable transition in and are identical; however, the
string has a few more uncontrollable transitions than the string ,
that is, . Then, , such
that the following are true.

1) in in the absence of any supervision.

2) under the supervision of in .
3) .

This means that under the supervision of , and
in the absence of any supervision in . If and

, then .
Proof: Since enforces liveness in , we can pick a string

such that:
1) under in ;

2) , if , then
, where is the prefix-set of the

string argument;
3) .
This means that none of the transitions in the set

are state-enabled (and trivially control-enabled) fol-

lowing the firing of any proper prefix of the firing string . Addi-
tionally, at least one member of the set is
state-enabled (and trivially control-enabled) at the marking that
results from the firing of the string at .
It follows that in the absence of any su-

pervision in , which can be established by contradiction.

Suppose , and , but
. This must be due to the reduction in the

number of tokens in an input place of , as a result of the firing
of some transition . Since
is an FCPN structure, transitions and must share a unique

input place (i.e. for some ). Since ,
whenever has sufficient tokens to state-enable , it follows that
is also state-enabled at the same marking. This contradicts the second
of three conditions required of .
If , then

under in . As noted above, in the
absence of any supervision in . Additionally,

. The claim is established by
replacing with , and with in the above argument as often
as necessary. Since the cardinality of the set
decreases with each repetition, the process is guaranteed to terminate,
which establishes the result.
Following [5], we construct a supervisory policy

from the supervisory policy for as follows.
1) .

2) Suppose in under the supervision of ,
a) .
b)

i) , and
ii) , such that

A) under the supervision of in ,
B) , and
C) .

This means that the policy control-enables a controllable transition
at a marking only if its firing is essential to achieving condition 3 ar-
ticulated in the statement of lemma 3.1. Consequently, the supervisory
policy is an LESP for [5, proof of lemma 5.4], which in turn
leads to the following result, which parallels [5, theorem 5.6].
Theorem 3.2: Let , where is a general

FCPN structure, then the set is right-closed.
If the set is right-closed, then it can be effectively described

by its (finite) set of minimal elements . The work in
[5, Lemma 5.13] presents a necessary and sufficient condition for
the existence of an LESP for , where is an ordinary
FCPN. This condition is about the existence of a specific path in
the coverability graph of the FCPN structure, when it is initialized
with each member of , under the influence of a policy
that keeps the marking of the FCPN within . This proof holds
equally when . Using a brute-force search for members of

that satisfy the necessary and sufficient conditions of
[5, Lemma 5.13] we obtain a positive test for , which
leads to the following result.
Lemma 3.3: Suppose and , then there is

a positive test for membership in .
The remainder of this section is about a positive test for

when . Let be the PN structure that results when all transi-
tions in the PN structure are controllable. Following [5], we de-
fine the set .
The set is right-closed (see theorem 3.2). The procedure listed
in [5, Fig. 8] is a positive test for the nonexistence of a liveness en-
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Fig. 1. (a) General FCPN structure is a member of the class ,
and . (b) General FCPN structure

from [16, Fig. 2c] is a member of class , and
. (c) General

FCPN structure is not a member of the class . However,
.

forcing supervisory policy for a general FCPN , where
and .

The procedure, when applied to the class of general FCPNs in the
class , maintains a right-closed set that is an outer approxi-
mation of at the th stage of execution (i.e. ).
The procedure starts with and proceeds to replace

with a smaller set (i.e. ) when-
ever the condition in [5, Lemma 5.13] is violated. There is no LESP for

if at some point of execution of the procedure.
As with the case of ordinary FCPNs in [5], this claim can be established
by an induction argument over the index .
In précis, if , there is an LESP for if all members

of satisfy the two conditions of [5, Lemma 5.13]. On the
flip-side, if the procedure described in [5, Fig. 8] terminates, there is
no LESP for . This leads to the following observations.
Lemma 3.4: There is a positive test for the nonexistence of an LESP

for a general FCPN , where and .
Lemmas 3.3 and 3.4 together imply the main result given below.
Theorem 3.5: The existence of an LESP for a general FCPN

is decidable when .
The set (resp. ) is right-closed for the general FCPN

(resp. ) shown in Fig. 1(a) [resp. Fig. 1(b)]. As noted
in [16], if ever there is a monitor-based supervisor that enforces live-
ness in for some initial marking , it will be more
restrictive than the minimally restrictive LESP that ensures marking of
the supervised-FCPN stays within . Additional examples and
observations can be found in [15].
The set is right-closed even though for the general

FCPN structure shown in Fig. 1(c). Motivated by this example, we
suggest explorations of other classes of general FCPNs where the set
of initial markings for which there an LESP is right-closed, as a future
research direction.

IV. CONCLUDING REMARKS

In this paper, we extended the results in [5] where it was shown that
the existence of a liveness enforcing supervisory policy (LESP) for an
ordinary free-choice Petri net (FCPN) is decidable. Specifically, we
identified a class of general FCPN structures for which the set of initial
markings for which there is an LESP is right-closed. A set of markings
is said to be right-closed if the presence of a marking in the set implies
all markings that are greater than or equal to it are also in the set. This
result, along with those in [5], implies that the existence of an LESP
for this class of general FCPNs is decidable, which paves the way for
the development of algorithms for LESP synthesis. Additionally, when

it exists, the minimally restrictive LESP is uniquely characterized by
the aforementioned right-closed set of markings.
There are general PN structures that do not belong to this family,

for which the set of initial markings for which there is an LESP is
right-closed [see in Fig. 1(c)]. We suggest explorations into a larger
family that possesses the right-closure property as a direction for future
research.
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