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Abstract—An instance of a modular supervisory control problem
involves a plant automaton, described either as a monolithic, fi-
nite-state automaton � �, or as the synchronous product of
several finite-state automata � �, along with a set of finite
state, specification automata on a common alphabet. The marked
language of the synchronous product of these automata represents
the desired specification. A supervisory policy that solves the in-
stance selectively disables certain events, based on the past history
of event-occurrences, such that the marked behavior of the super-
vised system is a non-empty subset of the desired specification.

Testing the existence of a supervisory policy for a variety of in-
stances of modular supervisory control is -complete
[1]. This problem remains intractable even when the plant is a
monolithic finite state automaton and the specification automata
are restricted to have only two states with a specific structure [2].
We refer to this intractable class as �� in this paper. After in-
troducing complement sets for events in a plant automaton, we iden-
tify a subclass of �� that can be solved in polynomial time.
Using this class as the base, inspired by a family of subclasses of

(cf. section 4.2, [3]) that can be solved in polynomial time
[4], we develop a family of subclasses of �� that can be solved
in polynomial time. The results of this paper are also used to iden-
tify a polynomial time hierarchy for certain intractable subclasses
of identified in this paper.

Index Terms—Discrete event systems, supervisory control.

I. INTRODUCTION

T RADITIONAL system theory is replete with models
of systems described by differential or difference equa-

tions. The prevalence of differential equations can be traced to
Classical Mechanics [5], while difference equations arise out
of sampling a continuous-time system. This “physics-based”
representation of systems loses much of its relevance when
one considers “person-made” systems. Differential or dif-
ference equations are inadequate to represent and/or analyze
the operational level control of a manufacturing system, the
contention-resolution of shared resources in computer net-
works, or the operations-management of multi-component
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organizations with event driven dynamics like shipyards and
airports, etc. These systems are representatives of the family of
Discrete-Event/Discrete-State (DEDS) systems. They must be
characterized by state variables that have a logical or symbolic,
as opposed to an algebraic, interpretation. The dynamics of
DEDS systems arise due to the occurrence of specific events,
and the state-variables of such systems are piecewise constant
with discontinuities at the occurrence-instants of these events.

Air-traffic control systems; automated manufacturing sys-
tems; computer networks; integrated command, control,
communication and information systems; opera-
tions-management of multi-component organizations with
event-driven dynamics like shipyards, airports, hospitals, etc.
are examples of DEDS systems. The common-theme in each
of these examples is that the system that is to be controlled, the
plant, is usually modeled using finite-state automata, labeled
Petri nets, or some form of a restricted Grammar. In the absence
of any supervision, the plant generates a set of event-strings,
referred to as the plant-language. There might be strings in
this language that are not acceptable, in that, they violate some
desired specification, that is usually represented as another
language. If there is at least one string that is common to the
plant- and the specification-language, and if every event in
the plant can be prevented by an external agent, we can find a
supervisory policy that prevents events in the plant in such a
way that a desired string is generated under supervision. The
computational effort exerted by any procedure that decides the
existence of a supervisory policy is therefore no smaller than
that of a procedure that decides the existence of a common
string in the plant- and specification-language. This observation
has been useful in identifying families of intractable instances
in the literature. Additionally, there will be plant-events in
typical DEDS systems that are external to the system, and
therefore cannot be prevented from occurring by supervision.
The presence of these unpreventable events does not reduce
the computation effort in solving an instance, and the families
of problem instances deemed intractable when each event is
preventable, remain intractable when there are events that
cannot be prevented from occurring by supervision.

Variations to the above problem include—supervision in
the presence of partial observations; cooperative-supervision,
where a collection of supervisors, that have partial-observation
of the events generated by the plant, cooperate to enforce the
desired specification; supervisory policies that enforce dead-
lock/livelock freedom, fairness, etc. Even though the theory
behind the synthesis of supervisory policies is mature and
well-understood, it has found limited use despite its twenty-year
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Fig. 1. (a) Automata �� �� � � � � �� �. (b) Automaton � , (c) Automata �� � � � � �.

history. It is surmised that this is due to the difficulty of pre-
senting a single, all-encompassing, monolithic-prescription
of the specification- and plant-language. Researchers in the
supervisory control of DEDS systems have proposed the use
of modularity to combat this impediment in practice. A mod-
ular-specification of the desired behavior essentially lists each
desirable feature independent of others. The goal of supervisory
control is to ensure that each of these desirable features are
retained in the controlled-behavior of the system. A supervisory
control problem where the plant-language has a monolithic
presentation, but the specification-language is presented in
a modular fashion is an instance of a family of supervisory
control problems denoted as in the literature [2]. A
natural extension to this would be the case where the plant- and
specification-language have a modular description. This would
be an instance of the family of problems denoted as
[2].

Using a reduction to the 3SAT-problem [6], it can be
shown that testing the existence of a supervisory policy
that solves an arbitrary instance of or is
intractable. Consider a discrete-state plant that is the syn-
chronous product of the deterministic finite-state automata

shown in Fig. 1(a), or, the deterministic
finite-state automaton shown in Fig. 1(b). The state that has
an arrowhead attached to it denotes the initial-state, and the
states represented by filled-circles identity the final-states of
the automata in Fig. 1. The desired specification is repre-
sented as the meet (cf. Section II for a formal definition) of
the automata shown in Fig. 1(c). Let us suppose
all events in the set
are controllable. There is a supervisory policy that enforces
the desired specification if and only if the -formula

is satisfiable. Using a generalization of this observation, and
the intractability of , Gohari and Wonham [2] establish
the intractability of a generalized, and probably more realistic
version of the supervisory control problem that does not involve

monolithic descriptions of the plant and specification. Rohloff
and Lafortune [1] consider several variations of the modular su-
pervisory control paradigm and note that deciding the existence
of a supervisor is -complete if the specification
automata are arbitrary deterministic finite-state automata.

These results, together with the axiom that ease of modular
supervision is essential to the popularity of the theory of super-
visory control, can be taken as a call for investigation into the
additional structure within these colossal, intractable families
of problems with eye towards providing normative guidelines
for the identification of tractable instances of modular super-
vision. A family of problems deemed intractable when viewed
as a single indivisible entity is oftentimes composed of strata
that are defined according to the computational effort required
to resolve an instance within each stratum. In the case of the
polynomial hierarchy (cf. section 17.2, [3]) of the
colossus, only the base level corresponds to the set of prob-
lems that can be solved in polynomial time, and as such this
hierarchy provides very little normative guidance that we seek.
On the other hand, there is a stratification of the colossus
that is more encouraging. Gallo and Scuttela [4] identify strata

, where is the set of all
possible instances of . Any instance in can be solved in

time, where is the number of boolean variables, and
, where is the number of clauses in the instance

(cf. Section II for formal definitions of these terms). This paper
is about similar stratification for various intractable subclasses
of and , with an eye towards providing norma-
tive guidelines for spotting tractable instances in the practice.

Of particular note, and remain intractable
when the specification automata are restricted to a family, , of
automata that contain no more than two states like those shown
in Fig. 1(c), and the plant automaton is either a single, mono-
lithic automaton, or is the synchronous product of automata that
have no common symbols like those shown in Fig. 1(a). The
(intractable) family denoted as represents
problem instances where the specification automata belong to
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the family introduced earlier. We present a hierarchy of sub-
classes of that yield tractable solutions. We also iden-
tify a hierarchy of tractable instances of where the au-
tomata that define the plant do not share common events, which
as the example in Fig. 1(a) and (c) shows, forms an intractable
class.

The rest of this paper is organized as follows. Section II in-
troduces complement sets of events and their properties, which
are used to develop a polynomial time algorithm that solves a
class of modular supervisory control problems in Section IV,
following the identification of a necessary and sufficient con-
dition for the existence of a solution to instances of
and in Section III. Using the results in Section IV, and
[4], we develop a family of subclasses of the intractable fami-
lies and that can be solved in polynomial time.
Section VI contains a discussion about the implications of these
results along with a discussion about directions for future re-
search.

II. COMPLEMENT SETS AND THEIR PROPERTIES

A nondeterministic, finite-state, automaton (NDFA) is
represented by a 5-tuple , where is
the finite-set of states, is the finite-set of symbols,
is the initial-state, denotes the set of final-states, and

denotes the (possibly partial) state-transition
function, where , when it is defined, identifies
the set of states that can be reached from following
the occurrence of event . There is a directed edge,

, from to with label , in the
graphical description of iff . The function

can be naturally extended to a function
as follows—for any , ,

and , , and
, where , and is the

empty-string. If for some , then there
is a path from to with an associated label of , in the
graphical description of .

The score of an event in a string is denoted
by , and is equal to the number of occurrences of
in . The language marked by is denoted by

. On occasion, we might find it
necessary to define the behavior of , denoted by , where

. The prefix-closure of
is denoted by . That is,

, where denotes the prefix-set of the string
argument. Since , it follows that and

. On the other hand, .
If the (possibly partial) state transition function is

single-valued, that is, , the automaton is said
the to be a deterministic, finite-state, automaton (DFA). Each
vertex in the graphical description of a DFA has at most one out-
going edge labeled by any member of . Consequently, there is
a one-to-one correspondence between paths in the graphical de-
scription of that start from to members in
and members of if is a DFA. Every NDFA has an
equivalent DFA such that . In the worst

case, could have an exponentially-large set of states as com-
pared to .

The synchronous product of NDFAs ,
where is an NDFA denoted
by , where ,

, , ,
and

When for all , the above construction
yields the meet of the constituent automata, we will
denote it by . By construction it follows that

. If de-
notes the natural projection of strings in to strings in ,
then

.
For and language , depending on the nature

of the specifications that are to be enforced there are several
notions of the complement of an event . For a specification
that is the meet of a set of automata that involve the occurrences
of atomic events (cf. Fig. 1(c), for example), we can define the
complement of with respect to a language as
the set of events, , such that the occurrence
of any one of them in a string is sufficient to
conclude that there can be no occurrences of in . That is, for

.
Equivalently,

. Or,

. Also, .
That is, iff each member of belongs to its own
complement set. This follows directly from the definition
of the complement set. The following result shows that
there is a algorithm that com-
putes for all , for an NDFA

.
Lemma 2.1: For an NDFA

the set can be computed in
time.

Proof: A language accepted by an NDFA on states is
nonempty if and only if there is a path from the initial-state
to one of the final-states, that is no longer than . This can be
decided by a depth-first search on the graphical description of
the NDFA, which is an operation.

If , we note
, where ,

where , , and the state-tran-
sition function can be inferred from the
graphical description of shown in Fig. 2(a). There is an
NDFA on states that accepts ,
therefore the emptiness of can be decided in

time, which in turn implies membership of in
can be decided in time.

If , the process described above is done with the
NDFA, , where , ,
and , is as defined in the graphical description
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Fig. 2. (a) NDFA � � ����� �� � � � �, and (b) NDFA � � ����� �� � � � �, used in lemma 2.1.

Fig. 3. (a) NDFA � . (b) NDFA � . (c) NDFA � � � . Note,
��	
��� � �� ���� ��� � ��	
��� � ������ �� ���.

of Fig. 2(b). The membership of in can
also be decided in time.

Consequently, the set can be com-
puted in time.

If an NDFA is converted into an equivalent DFA , it fol-
lows that
as . We now turn our attention to the issue
of computing the set when the NDFA

is the synchronous product of NDFA’s.
That is, , where .
We note that

. However, the reverse implication of
this observation is not always true. As an illustration,
consider the DFA shown in Fig. 3(a) and (b).
The DFA is shown in Fig. 3(c). We
have, ,

, ,
and . Lemma 2.1, and the
fact that could be exponentially related to in
the worst-case [7], might suggest that the computation of

could be intractable. This is confirmed
in lemma 2.2 below using a reduction to the 3SAT-problem,
which is reviewed below.

A boolean formula is in the conjunctive
normal form (CNF) if it can be written as

where are boolean variables,
are their complements, and ,

Fig. 4. (a) Illustration of how a clause in an instance of ���� (for example,
�� �� ��� � is converted into a NDFA. (b) NDFA that ensures the execution
of exactly one event in the set �� ��� �. These are used in the proof of lemma
2.2.

are subsets of satisfying ,
. For the term

is called a clause of and
is called the degree of . The degree of

is the maximum degree of its constituent clauses. The size of
, denoted by , is the sum of the degrees of its

clauses.
The Satisfiability Problem ( -problem) requires us to

check if is satisfiable. That is, to check if
there is an binary-assignment such
that . The SAT-problem is NP-complete
even if the constituent clauses are only of degree 3. In this case,

is said to be an instance of . However, there is a
linear time solution, in terms of when

1) the degree of is 2 (i.e., is an instance of ),
or

2) , (i.e., is a Horn
formula). The subclass of that involves testing the
satisfiability of a Horn formula is called .

Lemma 2.2: is reducible to the computation of the set
for an NDFA , where
.

Proof: A formula with clauses on boolean vari-
ables can be effectively converted into

NDFAs on the symbol set .
The process by which each clause in the formula is converted
into a NDFA can be inferred from the process by which the
clause is converted to the specification in
Fig. 4(a). In addition, there is an NDFA for each boolean vari-
able as shown in Fig. 4(b).

If , then (
. Since,

, any procedure that computes the set
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Fig. 5. (a) NDFA � that is persistent. (b) NDFA � that is not persistent.
Note, ��� �� � � ��� ��, ��� �� � � �, and ���	���
 �� �� � �.

can be effectively used to check
the satisfiability of .

As a counterpoint to lemma 2.2, we note the existence of spe-
cial cases where the computation of
for an NDFA , where
is tractable in Section VI. These special cases cover the au-
tomata of Fig. 1(a). However, as we will see later, the observa-
tions of intractability of modular supervision, identified in the
discussion in the introductory section that accompanied Fig. 1,
remain unchanged for these special cases.

The set of live events at a state of an NDFA
is denoted as , where

, where , and
. That is, denotes the set of events

in that occur (as edge labels) in some path from to one
of the members in in the graphical representation of . It
follows that , , .
Additionally, if , for , then

This is because and
. The NDFA is said to be

persistent if ,

(1)

In words, if an event was live at but is no longer live at
, and if is persistent we can conclude that the event (that

caused the state transition from to ) must be a member of
the complement set of . Alternately, the only way to make
a live event in a persistent automaton, non-live at some subse-
quent state, is to execute an event from its complement set. For
example, the automaton shown in Fig. 5(a) is persistent. The
NDFA shown in Fig. 5(b) is not persistent, as

From lemma 2.1 we note can be
computed in time. The set of states in
that are connected to some member of can be computed
in time. This can be done by adding a single,
heretofore unused state, along with a directed edge from every

member of to this state. A state in is connected to a
member of if and only if it is connected to this new state in
the modified graphical representation. Connectivity of a pair of
vertices in a directed graph on states can be checked in
time (cf. section 23.3, [8]), which means the set of all states in
that are connected to some member of can be tested in

time. For each , the set is the set
of events (which appear as edge-labels) in a depth-first-search
of the graphical representation of the subgraph of involving
just the members of that are connected to some member of

, with as the root vertex. This is an oper-
ation. The set can be computed in
time. This implies that the persistence of can be tested in

time. The following
lemma is about live events in a persistent NDFA.

Lemma 2.3: If is a persistent NDFA,
then , , ,

.
Proof: This is established by induction on , the length

of the string . The base case is established by letting equal
the null-string . As the induction hypothesis, we assume the ob-
servation holds for any where . For the induction step
we consider , , where . Suppose

and . By
the induction hypothesis

. From the persistence of
we have:

and
. From the induction hypothesis and these two facts we

have
.

The import of lemma 2.3 is that the nondeterministic choice
in the state-transition function does not pose a hindrance in de-
ciding the set of live events when it comes to persistent NDFAs.
The following lemma characterizes the set of live events at any
state that is reachable from the initial state in a persistent NDFA.

Lemma 2.4: Let be a persistent
NDFA. For any , ,

.
Proof: This claim is established by an induction argument

over , the length of . The base case of induction is es-
tablished by letting , the empty string. For the induction
hypothesis, we suppose the above claim is true for all strings of
length .

For the induction step, let , where
, and . From the persistence of

we infer that
. From the induction hypothesis we have:

. In turn, we have

,
The following lemma is about a requirement of complemen-

tary sets of events with respect to a persistent NDFA that marks
a nonempty language.
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Lemma 2.5: Let be a persistent NDFA,
where , and let for
some , then

Proof: Since , it follows that ,
. If for some

, then , and
if , it follows from lemma 2.4 that

, which in turn implies that
for some , or,

Containment in the opposite direction can be shown by re-
versing the above argument.

A binary-assignment on , , is said to be
consistent with respect to if ,

. For any bi-
nary-assignment that is consistent with respect
to , where is persistent and , there is
a such that . This is
formally stated in lemma 2.6, which is a direct consequence of
lemma 2.4.

Lemma 2.6: If is a persistent NDFA
such that , then for any consistent

, there is an such that ,
.

In Section III we present results that are relevant to
and . Since these problems are stated in the determin-
istic-setting of supervisory control, the automata in Section III
are deterministic finite-state automata (DFA), as opposed to the
more general nondeterministic finite-state automata (NDFA) of
this section.

III. CHARACTERIZING THE SOLUTION OF AND

INSTANCES

A discrete-state plant is represented as a DFA
. The set of strings generated by the plant

is denoted by , and denotes

the set of strings marked by the plant. The set is partitioned
into two subsets and , where the events in the set

can (cannot) be prevented from occurring in by the
supervisor, represented as a function , where

is the set of control-inputs.
is the set of events in that are permitted to occur after

the occurrence of in . The supervised behavior,
denoted by , is defined as the smallest set that satisfies

1) , where denotes the empty string, and
2)

The marked supervised behavior is represented by ,
where .

The supervisory problem [2] involves deciding if
there is a , such that ,
where and are represented as DFAs. If all events in this
plant are controllable, the existence of a supervisor reduces
to the non emptiness of . This observation
forms the foundation of the proof of intractability of a gener-
alization of , called , described in the following
paragraph, following a brief motivation.

There have been significant contributions to the theory of su-
pervisory control since the appearance of the original papers on
supervisory control [9]–[11], these can be found in the survey
article [12], or, in texts on supervisory control [13], [14]. One
of the obstacles to the incorporation of these theories into prac-
tice has been the requirement of a monolithic description of the
plant and specification . As noted in [2], the specifications
are rarely presented as a single automaton in applications. It is
more likely that the specifications are presented as the meet of a
collection of automata . This scenario results in a mod-
ification where the input is a DFA that represents the plant,
and a set of DFAs that represents the specifications. In
this case, the decision problem ( in [2]) involves the ex-
istence of a , such that ,
where .

Using a plant where , and the observation that the
existence of a supervisor that solves this instance of
is equivalent to the requirement that

(2)

is shown to be -hard in theorem 2 of [2], even when
the automata in have only two states, as for example,
the automata in Fig. 1(c). The presence of uncontrollable events
does not improve the tractability of these problems. Motivated
by (2), and the fact that the non emptiness of the intersection
of the languages represented by an arbitrary number of DFAs
is -complete (cf. Lemma 3.2.3, [15]), Rohloff and
Lafortune show that the decision problems associated with sev-
eral variations of the modular supervisory control paradigm are

-complete [1]. The following lemma identifies a nec-
essary and sufficient condition for the existence of a solution to
an arbitrary instance of .
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Fig. 6. (a) DFA �. (b) Specification DFAs � and � used in the illustration
of lemma 3.1.

Lemma 3.1: Let be a plant DFA, with a set of specification
DFAs . There is a supervisor , such that

if and only if

such that .
Proof: (Only if) If there is a supervisor

such that , we let
. It follows that ,

, and .
(If) Let satisfy the re-

quirement . We use a supervisor
, where for any , for any , iff

. Using an induction argument over the length of , it
can be shown that . From
this, we infer .

As an illustration of lemma 3.1 consider the plant DFA
, shown in Fig. 6(a), where members of

are identified by filled circles, and . The
specification automata are shown in Fig. 6(b). We have

, and
. A supervisor that stops the occurrence

of after the first occurrence of results in
. On the other hand, if , there can

be no supervisory policy that will solve the instance of
in this figure.

To draw the distinction between lemma 3.1 and other proper-
ties in the literature, we note that

satisfies the requirement , while
for , , we have

. Additionally, ,
, and

(cf. section 3.4, [13], for a formal definition of ).
Borrowing from the standard practice (cf. section 3.4,

[13]; Section IV, [12], for example), from lemma 3.1, we
conclude that there is a supervisor such that

iff , where

and , . If each
satisfies the requirement

, where , then

To show this we observe that if ,
then , where and

(as ). This, together with
the fact that , where , and the fact
that each satisfies the requirement that

, where , results in the
. This leads us to the following result.

Lemma 3.2: Let and denote the
plant and specification automata for an instance of . If
each satisfies the requirement

, where , then there exists a
supervisor such that
iff .

There is an algorithm that can test

, where and

. The first step in this process
involves checking if , which can be done in

time. If , then , and
. If , an automaton that recognizes

can be constructed from an automaton that recognizes
as follows.

1) Each state of the automaton that recognizes that is con-
nected to a member of is declared as a final-state. This is
a operation, as noted in an earlier
construction,

2) A (single) new state is added to this set of final states, and
the state-transition function for the automaton that recog-
nizes is augmented in a way that its graphical descrip-
tion results in a self-loop around for any member of ,
and

3) If the graphical description of the automaton has a state that
is connected to a member of with no outgoing arc with
a label that corresponds to some , then the state
transition function is augmented so as to yield an outgoing
arc from that state to with label .

This results in a recognizer for that has
states, which can be constructed in
time. An automaton that recognizes

can be constructed from this automaton in
time. Since an automaton that recognizes

can be constructed in time, the
emptiness of can be tested in

time. The steps described above
can be completed in time. If there is a
fixed upper bound on the number of states in the specification
automata (as we will see in subsequent text), it follows that the
implicant of lemma 3.2 can be tested in
time.

A variation on could be when the plant is the syn-
chronous product of a set of automata . That is,
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, and . The decision problem ( in
[2]) is defined analogously, where the input are the sets
and . This problem is -complete in general
[1], and it remains intractable (cf. theorem 1, [2]) even when

and belong to a collection of 2-state DFAs of the types
shown in Fig. 1(a) and (c) respectively. Of particular note, the
intractability remains even when there are no events that are
common between the automata in the set .

The results of lemma 3.2 can be applied to instances of
after the automata in are appropriately

modified to have a common alphabet. Let
for each in . The structure of can be aug-

mented to include symbols in with the use

of self-loops as follows – , ,

. Suppose the resulting automaton is denoted
by , then . For
and , let , and

. Then there exists a supervisor
such that iff

. Using the same argument as before,

there is a algorithm that can test

. If the number of states in each
automaton in the sets and are bounded (for
example, like those in Fig. 1(a) and (c), they contain only two
states), there is a test for

The tractability of testing the existence of a supervisory policy
that solves this subclass of is determined by the
tractability of testing . In Section V we
show there is a tractable test for the existence of a supervi-
sory policy for a subclass of where the automata

share no common events and the automata belong to
a family of automata defined as follows—if , then

, where ,
and , . That is,
each DFA requires the occurrence of at least one event
in the set .

First, we concern ourselves with a subclass of , which
we denote as , where the plant is a
persistent DFA, and . The specification automata

belong to the class identified above. Additionally,
we assume each , ,
satisfies the requirement . As shown ear-
lier, these prerequisites can be checked in polynomial time, and
the existence of a supervisor that solves this
sub-class of SUP1M reduces to testing the non emptiness of

. The construction that es-
tablishes the intractability of in [2], satisfies the above
requirements, and the testing the existence of a supervisory for
an arbitrary instance of remains intractable. As a con-
sequence the search for tractable instances would require us to
further constrain the class of instances in addition to re-
strictions described above. To this end we identify a tractable

Fig. 7. Persistent DFA � � ����� �� � � �� � � ��, where ��� ��� �
��� �� �� 	�, and �
����� ���� � �
�����  ���� � ��� 	� and
�
�����  ���� � �
���	�  ���� � ��� ��.

subclass of in Section IV where the specification au-
tomata belong to a subclass . The subclass
of where the specification automata are from is de-
noted by in subsequent test. We conclude this section
by presenting a few observations that relate the existence of con-
sistent binary-assignments and the non emptiness of
for the subclass identified above.

A consistent, binary-assignment is said to
satisfy the set of specifications if and only if for each

, such that .
We now highlight points of divergence between literals in a

combinatorial formula, and the complement set of events intro-
duced in Section II. In the context of combinatorial formulae,
the complement-set of each literal is a singleton, and the inter-
section of the complement-set of two distinct literals is always
empty. In contrast,

and ,
where is the persistent DFA shown
in Fig. 7. Note that . As a con-
sequence, observations that might be routine in the context of
combinatorial logic require further elaboration in the context of
supervisory control.

Lemma 3.3: If is a persis-
tent DFA such that , then

if and only if there is a
consistent binary-assignment that satisfies the set of specifica-
tions .

Proof: (Only if) Suppose ,
the consistency of the binary assignment

if
otherwise

follows from the fact that for any , if
, then no member of can occur

in . Since , it follows that for every
, such that , it follows

that the binary-assignment shown above satisfies .
(If) Let be a consistent binary assignment

that satisfies . From lemma 2.6 we know
such that , . Additionally, since
satisfies , , . Therefore,

.
Lemma 3.4: For the subclass , if and
is the plant automaton, then there is a consistent binary as-

signment that satisfies , and ,
such that .
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Proof: If is a consistent binary assign-
ment that satisfies , and ,

. It must be that

Additionally,

as . Any refinement of where a member of is as-
signed a non-zero value, would be a consistent assignment that
satisfies . This process can be repeated as often as nec-
essary till the conditions of lemma 3.4 are met.

IV. A TRACTABLE SUB-CLASS OF INSPIRED BY THE

PROBLEM

In this section we consider specifications that are expressed
as the meet of automata from the set , where

Each must have a structure similar to one of the
DFAs shown in Fig. 8. If is similar to the DFA in Fig. 8(b)
then it is imperative that the event occurs in , this in
turn would mean that none of the events in
can occur. Any specification automaton where

, is removed from the set . Addition-
ally, modifications are made to the state-transition functions of
members in that results in the removal of edges labeled
with any member of from their graphical
descriptions. This process is repeated as often as necessary
until all members of the set have a structure similar to
the automaton shown in Fig. 8(a) or Fig. 8(c). If the set
has any automaton that is similar in structure to the one shown
in Fig. 8(c), we conclude that the original set of specifications
are un-enforceable. We only need to address the case when all
members of have a structure similar to the automaton
shown in Fig. 8(a) at the conclusion of this process. This is a
parallel to unit-resolution, where the literal associated with an
unit-clause in a CNF is posited, and appropriate modifications
made to the other clauses (cf. chapter 2, [16]). If this process
results in an empty clause, the original CNF formula is deemed
unsatisfiable. Any CNF whose satisfiability is to be tested
is therefore assumed to be free of unit-clauses. Just as with
unit-resolution, the process of eliminating automata of the type
shown in Fig. 8(b) and (c) can be done in time. For
the remainder of this section we assume we are given a set of
specification automata , where each member of the set
has a structure that is similar to the one shown in Fig. 8(a).

The implication graph, , is
a directed graph with a vertex set , where each vertex

is associated with a member of via a labeling-bi-
jection . The edge set is

Fig. 8. Representatives of the specification class � .

constructed as follows—if , then
there

is an arc from to ( to ).
The import of the implication graph is this—if there is a di-

rected path from vertex vertex , then any consistent binary
assignment that satisfies that assigns a value of 1 (0) to

must assign a value of 1 (0) to . The semantics of
binary-assignment is that an event is assigned a value of 1 (0)
if it occurs (does not occur). If is as-
signed a value of 1, then the event cannot occur. Therefore,
if is to be satisfied, then it is imperative that be assigned
a value of 1, as . A similar argument es-
tablishes the fact that if is assigned a value of 0, then it is
imperative that none of the members in be
assigned a value of 1, as this would prevent the occurrence of

and consequently would remain unsatisfied. Any consis-
tent binary assignment that satisfies must satisfy the
implication graph.

This construction is often used in establishing the tractability
of in combinatorial logic. Since each literal has only one
complement, the structure of the implication graph in the con-
text of combinatorial logic has properties that can be exploited
in the tractable resolution of any instance of (cf. sec-
tion2.4.1, [16]). Since these properties are not necessarily true
for the discourse in this paper (cf. the discussion in Section III
pertaining to Fig. 7), we resort to alternate approaches to
tractably resolve the subclass of of this section.

Any consistent binary assignment that satisfies must
be a refinement of where if there are
directed paths from to , and to
in , where . These as-
signments can be done in time, as the connec-
tivity of any two vertices in a graph on vertices can be tested
in time (cf. section 23.3, [8]). The binary assignment
is used in the main result of this section, which is stated below.

Theorem 4.1: Let be a persistent plant
DFA where , and each specification automaton
from the set is from . If ,

, then iff such that
, .

Proof: (If) As noted in the definition, ,
if is connected to and , where

. The alternative would be the assign-
ment of 1 to , which would require that and be assigned
a value of 1 too, which would be inconsistent, and there cannot
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Fig. 9. (a) Plant � � ����� �� � � � � that is persistent and ��� ��� � ��� ��� �� 	� 
� ���. (b) Three specification automata � , � and � that belong to
� . (c) Implication graph ����� � � �. (d) Implication graph ����� � � �.

be an that contains and . The implication fol-
lows directly from lemma 3.3 and the contrapositive assertion
of lemma 3.4.

(Only if) We show that there is a consistent refinement
of that satisfies the implication graph

. Consequently, this consistent refinement
satisfies , and the implication follows from lemma 3.3.

If such that is undefined, then
such that there is a directed path from to in

, is either 1 or undefined (i.e., it cannot
be 0). In addition, it must be that ,
either is either 0 or is undefined (i.e., it cannot be 1), as

is a consistent binary assignment.
If such that is undefined, then

such that there is a directed path from to in
, and is undefined, we refine

to include . This is followed by ensuring
, for each . As noted above

these steps are well-defined, and remains con-
sistent after refinement. This process is repeated as often as nec-
essary till every member of is assigned a value of 0 or 1 by

. The claim follows from lemma 3.3.
As noted in Section II, the set can

be computed in time, and there is an
algorithm that assigns the initial binary assign-

ment for . A search can as-
certain if there are any candidates for , where

, . We conclude there is

a algorithm that de-
cides if . This leads us to the following observa-
tion about the tractability of the subclass of introduced
in this section.

Lemma 4.2: There is a polynomial-time algorithm that de-
cides if there is a solution to an instance of a subclass of
that (i) involves a persistent plant DFA ,
where , (ii) each member in the set of specification
DFAs is from , and (iii) if ,

, where .
As an illustration consider the plant of Fig. 9(a) and the

specification automata , of Fig. 9(b). We have
, ,

, and
. Let us suppose , then

, where for
, 2. Testing the existence of a solution for this instance

of would require us to construct the implication graph
shown in Fig. 9(c). For each ,

there is a path from to a member of in
, any consistent binary assignment that is intended

to satisfy , , would assign a value of 0 to all events.
From theorem 4.1 we conclude there can be no solution to this
instance of .

As a variation of the above problem, the specification au-
tomaton is replaced by of Fig. 9(b). Let us suppose

. It can be shown that , where
for , 3. The implication graph
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is shown in Fig. 9(d). Since , and are con-
nected to some member in their complement set, any consistent
binary assignment that satisfies and will assign a value
of 0 to them. Elements and can be assigned a value of 1
without violating any consistency requirements. So, from the-
orem 4.1 we infer there is a solution to this instance of .
A supervisory policy that permanently disables all members
of will solve the problem at hand.

In Section V we develop a polynomial time hierarchy of in-
stances of that uses the class of problems of this sec-
tion as the base-class. These results can also be used to iden-
tify a polynomial time hierarchy for intractable subclasses of

that contain the instance where the plant is described
by the synchronous product of the automata of the kind shown
in Fig. 1(a), and the specification automata are like the automata
shown in Fig. 1(c).

V. A FAMILY OF POLYNOMIALLY SOLVABLE INSTANCES OF

AND

Gallo and Scutella [4] identify a family of subclasses of the
SAT-problems: , where the base class

, and is the set of all possible
SAT-instances. The problem instances in , are
solvable in time, where is the number of boolean
variables, is the number of clauses, and is the
size of the formula . This result was generalized by Pre-
tolani [17], who has shown that under appropriate conditions, a
similar polynomial-time hierarchy can be developed using base
classes that are not necessarily .

The remainder of this section is about a similar hierarchy for
where the plant DFA is persistent,

and . The specification automata are from
the set defined in Section III. We also require ,

, where .
Borrowing heavily from Gallo and Scutella [4], we present

a family of subclasses , such that
the base-class corresponds to the class of problems solved in
Section IV. For an instance that belongs to , we show there is
an algorithm that
decides the existence of a supervisory policy that solves the
problem at hand.

Let , and for , we define

Note that if we deleted all members of that contained ,
we get the set . In the context of this paper, this would cor-
respond to the process of removing all members of the specifi-
cation set that are satisfied when the event occurs in the
plant. In contrast, when an event in occurs in
the plant, the event cannot occur. This will require the removal
of arcs labeled in the graphical description of the automata in

. If the resulting set of automata is denoted by ,

then is the set .

We define the classes recursively as fol-
lows:

If the empty set belongs to all classes by
assumption, then we have , . So,

, such that , . For instance,
for the in-

stance of in Fig. 1 belongs to .
For , an event

, is a k-candidate for iff , for . The
following lemma from [4] is about the existence of -candidates
for any member in the hierarchy
described above.

Lemma 5.1: (Lemma 2.1, [4]) For ,
, iff there is a sequence

where
, such that for , with ,

(i) (i.e., is a -candidate for ), and (ii)
.

Lemma 5.2, which is also from [4], states that the removal of
an arbitrary from any member of that contains it (i.e.,
the operation ) will yield a set that is in the same level of
the hierarchy that originally belonged to. This is followed by
an lemma about the existence of a polynomial time algorithm
that decides if .

Lemma 5.2: (Lemma 2.2, [4]) For any and any ,
.

Lemma 5.3: There is a al-
gorithm that decides if , for any .

in [4] is a
algorithm that decides the membership of ,
while in the same reference is a

algorithm for the same deci-
sion problem. Unlike that of [4], where the base class for
was , the base class in our case involves checking
if the specification automata in are from . That
is, if each member of , ,
which can be accomplished in
time. The rest of the analysis that leads to theorem 3.4, [4]
remains unaltered, which leads to the above lemma. These pro-
cedures also produce the sequence of lemma
5.1 if . We conclude this section
with the following theorem on the polynomial-time solvability
of any member of the subclass of of this section when

.
Theorem 5.4: Consider an instance of where

is a persistent plant DFA where .
Suppose the specification automata are from the set ,
and , , where

.
There is an

algorithm that solves this instance of if
.
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Fig. 10. (a) Persistent DFA � . (b) Persistent (N)DFA � . (c) DFA � � � , which is not persistent. Note, ������� � ���� � �����	� � ���� � �,
���
 � 
 �� �� � ��� 	�, and ���
 � 
 �� �� � �.

Proof: The computation of the set
is a operation (cf. lemma 2.1). This ac-
counts for the first argument in . The proof of the-
orem 4.1 in [4], mutatis mutandis, yields a al-
gorithm that decides if there is a consistent binary assignment
that satisfies . This, together with lemma 3.3 accounts
for the second argument in in the above observation.
We now adopt the proof from [4] to the problem.

The proof proceeds by induction on . The base case for
is established by the results in Section IV, where it is

shown that there is a
algorithm that decides the existence of a supervisory policy that
solves an instance of . The induction hypothesis assumes
the above claim to be true for any .

For the induction step, the presence of a sequence
that correspond to lemma 5.1 that is output by

of [4]. For , we perform steps
(1) and (2) described below.
Step 1) Assume event is permitted to occur in the

plant. This would require the deletion of all spec-
ification automata where .
This will result in the set . From
lemma 5.2, we have ,
for . So, the process of
deleting all edges with label in the remaining
specification automata, would result in a (new)
set that is in . By the induction hypoth-
esis, this instance of can be solved in

time.
If the result is positive, we halt the process and de-
clare the instance at hand to have a solution.
If the result is negative, we proceed with Step 2.

Step 2) We require that is not permitted in the plant (be-
cause if it were permitted, we know the instance of

has no solution). We delete all edges in the
specification automata that are labeled . This will
result in a (new) set , which belongs
to , but with at least one less event than before.
Step 1 is repeated with the (new) set .

At most many subproblems, each taking
time,

will be executed in this process. This results in a
procedure that

solves the original problem, completing the induction step.

We turn our attention to the development of a similar hier-
archy for . First, we note that there are three prerequi-
sites to the applicability of theorem 5.4 to any class of problems
involving a plant and specification automata

from the set . They are (i) the tractable computa-
tion of the complement sets, (ii) tractable tests for persistence
in the plant, and (iii) a tractable test for ,

, where .
Each of these prerequisites limit the applicability of the

results in this paper to instances of in the general
setting. First, as noted in lemma 2.2, the computation of the
complement sets is intractable when the
plant, , is the synchronous product of arbitrary

automata , and .
Second, the persistence of is not guaranteed even if
each is persistent. For example, the DFAs and
shown in Fig. 10(a) and (b) are persistent, but the DFA

shown in Fig. 10(c) is not. Finally, a pro-
cedure that tests the requirement ,
where , can be converted into a test
for the emptiness of , a problem that is known
to be intractable in the general setting [7], [15]. To see this,
we consider the case when , .
We use two, heretofore unused symbols , and
modify each DFA in in a way that its graphical
description has, in addition to existing labeled edges, (i) a
loop around each final-state with label , and (ii) an edge,
labeled , from every final-state to a new, heretofore un-
used state, which is added to the set of final-states.
denotes the set of resulting DFAs. For the specification au-
tomaton, we use a , with .
We choose a plant and

. For this choice,

. If we let

, we have ,
which completes the necessary reduction.

However, there are subclasses of that yield a
tractable test for the three prerequisites mentioned earlier. For
example, if , then

where . By lemma 2.1, there is a
algorithm that can compute ,

where , , and
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Fig. 11. (a) Specification DFA that is is not in �. (b) Equivalent set of DFAs that are in � � �, if �� � � � �� ������ �� ���� � ������ �� ����,
and the plant � � �	��� 
� � � � � is persistent and ��� ��� � �.

. Also, in this case if each DFA
is persistent then is persistent. Addition-

ally, for and
,

. The example of in Fig. 1
satisfies these requirements, consequently this class of
is intractable. Theorem 5.4 can be used to develop a polyno-
mial time hierarchy for the subclass of where (i) the
automata that constitute the plant share no
events among themselves, and (ii) the specification automata

are from .
It is possible to extend this observation to the case when

there is limited event sharing among the automata .
For instance, if the set can be partitioned into
subsets , such that (i) such that ,

, and (ii) if ,
, , then .

In this case the plant can be expressed as the product of
-many DFAs that do not share events among themselves, each

having a size that is no more than . de
Queiroz and Cury use a similar approach to modular super-
visory control in [18] and obtain a computational complexity
that is exponential in the number of components of the plant
and the number of specification automata. This is in agreement
with the above observation that remains intractable
even when there are no common events between the automata
whose synchronous product defines the plant. However, the
observations made in the previous paragraph apply in this case,
which implies there is a polynomial time hierarchy for this
subclass of too.

In Section VI we present a discussion of some consequences
of the results in this section and Section IV along with some
suggestions for future research.

VI. DISCUSSION

A specification essentially requires that one among
a collection of events occurs in the plant. The role of supervi-
sory control in these instances is to prevent events that might
result, possibly via a string of uncontrollable event occurrences,
in a marked-behavior that does not meet one of the specifica-
tions. [19] contains some specifications, that are not from ,
that yield tractable decision procedures when used in conjunc-
tion with specific plant structures. There can be conditions, usu-
ally stated on the complement sets of events along specific paths

in the specification automata, under which a specification au-
tomaton that does not belong to can be expressed as a set of
automata that are in . For example, given a persistent plant

, where and
, the specification au-

tomaton shown in Fig. 11(a) can be equivalently represented
by the pair of automata from shown in Fig. 11(b). We
suggest further investigations on generalizing the subclass of

in this paper as a topic for future research. Another di-
rection for future research could involve investigations into the
existence of alternate base-classes and its associated polynomial
time hierarchy.

The hierarchy naturally sug-
gests a hardness parameter that is associated with any instance
of the intractable class of , which is the smallest index
such that the instance at hand belongs to . This parameter can
be computed in polynomial time (cf. Lemma 5.3). Following the
identification of a different base-family, it might be possible to
identify a different hierarchy for . An instance with a
hardness parameter in one hierarchy, might have a lower hard-
ness parameter in another. This presents an incentive to find
other hierarchies for .

Gallo and Scutella used as the base class for
the polynomial time hierarchy reported in [4]. This brings up
the existence of a parallel to in . As noted
in Section II, each clause in a Horn formula contains at most one
posited literal. The satisfiability of any instance of
can be decided in linear time in terms of the number of literals
in the Horn formula (cf. section 2.3.1, [16]). Additionally, unit
resolution on the posited literals is sufficient to decide satisfia-
bility of any instance of . In this process, each unit
clause that contains a posited literal is set to true, while its com-
plement is eliminated from the other clauses. This process is re-
peated till there are no more unit clauses with posited literals. If
there are no empty clauses at the conclusion of this process, the
instance of is deemed satisfiable. This is because
an instance of that contains no posited literals is
trivially satisfiable by setting all negated literals to true.

A subclass of that is a parallel to would
require the same preamble as in the previous sections—we as-
sume the plant to be a persistent DFA,
where . The specification automata are
assumed to be from the set , and ,
where . In addition, we require:

, , such that
, ,
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1) , and
2) ,

,
where

. The
set is analogous to the set of literals that are
posited (negated) in an instance of .

Lemma 6.1: Any instance of the subclass of identi-
fied above has a solution if , .

Proof: Consider a binary assignment
that assigns a value of to an arbitrarily chosen

, . For any ,
, we have

, which guarantees the consistency of the above assignment,
which satisfies by design. The binary assignment

can be refined to assign a value of 1 (0) to any
, if none of the members of

are assigned a value in course of the process described above.
The claim follows from lemmata 3.3 and 3.4.

A consequence of lemma 6.1 is that unit-resolution on the
set is sufficient to determine if an instance of the sub-
class of identified above has a solution. This parallels
the similar observation about instances. Notwith-
standing lemma 6.1, the main roadblock to its use as a base
class is the tractable procedure that decides if each member

in an arbitrary collection can be
decomposed into its constituent components and
that meets the requirements stated above. It is imperative that
this decomposition be made without placing any restrictions on
the nature of if it is to serve as an alter-
nate base class for a (different) polynomial time hierarchy.

We suggest the extension of the results in this paper to
the modular supervisory control of nondeterministic systems
[20]–[22] as another topic for future research. We also suggest
investigations into polynomial time hierarchies non-blocking
refinements to and , supervisory control under
partial observations, and cooperative supervision, as topics for
further investigation.

VII. CONCLUSIONS

Gohari and Wonham [2] introduced a class of modular su-
pervisory control problems called and , and
showed that there are no tractable procedures that decide the
existence of a solution to an arbitrary instance of these prob-
lems. Rohloff and Lafortune [1] extended these observations
and showed that in the general setting, modular supervisory con-
trol problems are -complete. In this paper, we have
taken a normative approach to modular supervisory control and
identified a polynomial time hierarchy within intractable sub-
classes of these problems. Borrowing heavily from a family of
polynomially solvable subclasses of identified by Gallo
and Scutella [4], we identified a polynomial time hierarchy for
an intractable subclass of , which we call . The

preface to the development of this hierarchy involved the in-
troduction of complement sets for events of a finite-state au-
tomaton and their properties, along with the identification of a
base class of the polynomial time hierarchy of that is
inspired by the problem. A similar polynomial time hi-
erarchy is identified for an intractable subclass of , that
we call , where the automata that define the plant share
no common events. The paper concludes with some directions
for future research.
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